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Abstract. In this article we unveil a new structure in the space of operators of 
the XXZ chain. For each a we consider the space Wq, of all quasi-local operators, 
which are products of the disorder field q ^j=-°° i with arbitrary local opera- 
tors. In analogy with CFT the disorder operator itself is considered as primary 
field. In our previous paper, we have introduced the annhilation operators b(C), 
c(C) which mutually anti-commute and kill the "primary field" . Here we construct 
the creation counterpart b*(C), c*(C) and prove the canonical anti-commutation 
relations with the annihilation operators. We conjecture that the creation op- 
erators mutually anti-commute, thereby upgrading the Grassmann structure to 
the fermionic structure. The bosonic operator t*{Q is the generating function 
of the adjoint action by local integrals of motion, and commutes entirely with 
the fermionic creation and annihilation operators. Operators b*(C), c*(C), t*(C) 
create quasi-local operators starting from the primary field. We show that the 
ground state averages of quasi-local operators created in this way are given by 
determinants. 



1. Introduction 

The present paper is a continuation of our previous article [1]. We consider the 
infinite XXZ spin chain with the Hamiltonian 

oo 

(1.1) ifxxz = i E H4+i + ^M+i + Aerials,), A = '^{q + q~') , 

k = ~OD 

where a" (a = 1,2, 3) are the Pauh matrices. In this paper we shall mostly consider 
the critical regime where q = e'"^^, i/ G M. 

Let us recall briefiy the main definitions and results of the paper [1]. Consider 
the vacuum expectation values (VEVs) 

(vac|g2°s(o)Q| 

vac) 

^ ■ ' (vac|g2"5(o)|yac) ' 

where S{k) = | Yl^=-oo is a local operator (an operator localized on a 

finite portion of the chain). We call X = g2o5(o)Q quasi- local operator with tail 
a. In other words, an operator X is quasi-local if there exist k < I such that X 

3 

stabilizes as q°"^^ for j < k and as the identity Ij for j > I. The length of X is 
defined to be the minimum of / — A; -|- 1. The spin of X is the eigenvalue of S = [S, ■] 
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where S = S{oo) is the total spin. It will be helpful to think of the operator g^^'^^^) 
as a lattice analog of the primary field in CFT. 

Denote by the space of all quasi-local operators with tail a, and by Wq, the 
subspace of those with spin s. Let us introduce the following formal object 

(1.3) W = 0W„. 

We introduce also the operator a on W which acts as a times the identity on each 
summand W^. 

In [1] we have defined anti-commuting one-parameter families of operators h{(), 
c{() acting on W. For reasons which will be clear later, we shall call them annihi- 
lation operators. The annihilation operators have the following block structure 

b(C) : y^a-i,s+i ^ W„,„ c(C) : W„+i,,_i ^ W„,, . 

Clearly they commute with ck + §. All other operators considered in this paper 
have this property. Hence, in the actual working, we shall restrict ourselves to each 
eigenspace of ck -|- S with fixed eigenvalue a G C, 

oo 
s=—oo 

As we have said, h{(), c[() are two completely anti-commuting families of oper- 
ators: 

[b(Cl),b(C2)]+ = [b(Cl),c(C2)]+ = [C(C1),C(C2)]+ = . 

The annihilation operators have the following structure as functions of the spectral 
parameter: 

oo oo 

b(c) = c-"-'(bo + - ir'h,), c(c) = c"+'(co + - 1)"%) • 
p=i p=i 

Here the operators bo and Cq are written separately because they are not independent 
of bp and Cp with p > 0, and do not enter the final formulae. Besides the anti- 
commutativity, the most important property of the annihilation operators bp, Cp 
{p > 0) is: 

(1.4) bp(X) = 0, Cp(X) = for p> length(X) . 

In particular they vanish on the 'primary fields' (and their translations) whose 

length equals zero. The property fll.4p explains the nam 'annihilation operators': 
every monomial of bp, Cp of degree larger than 2 length(X) vanishes on X. 

The main result of [1] is the following formula. Introduce the linear functional on 

tr"(X) = ■■■tr^ tr^ tr;^ ■ ■ ■ (X) , 
where we set for x G End(C^) 

tr"(x) = tr(g-^""'x)/tr(g-^""') . 
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Then the VEV is expressed as 

fl 5) (vac|g^"^WQ|vac) _ f„2„s(o)QN>) 

where f2 is an operator acting on 



^(Cl/C2,tt)b(Cl)c(C2)^ 



2 /-2 

'52 



and 



uj{(, a) = a;trans(C, a) - ^ ^^o(C, «) 

(1 - g") 



is a scalar function. For future convenience uj{(,a) is spht into two pieces, the 
transcendental part and the elementary part. The trancendental part is given by 

too 

f . sin ^ (m — z/(m + a)) 
J sm |ucos ^ (u + a) 

— ioo 

The elementary part is defined by 

(1-6) u;o{C,a) = -(l^) Aa^(C,«)), 



1 + q 

where we introduced two important notations: 

Ac(/(C)) = fiCq) - fiCq-'), ^(C, «) = C 



2{C 



In the present paper we complete the construction of [Ij introducing the creation 
operators. Along with the homogeneous chain described by the Hamiltonian (11.11) . 
we consider also the inhomogeneous one. The latter case is often very useful, but in 
this Introduction we shall deal only with the homogeneous case which has a clearer 
physical meaning. 

The creation operators must generate the entire space W*^") from the primary field 
q2aS{o)^ and must have nice commutation relations with the annihilation operators. 
Obvious examples of this sort were discussed in [Tj. First, there are the operators r 
(t~^) of right (left) shift along the chain which change neither the length of quasi- 
local operators nor their VEVs. Second, there is the adjoint action of local integrals 
of motion on W*^"). By this adjoint action, we do create operators with larger length 
from a given quasi-local operator. However, their VEVs vanish for a clear reason. 
These facts are consistent with the right hand side of (II. 5p . for, as has been explained 
in pp, and the adjoint action of local integrals of motion commute with b, c as 
well as g""*^ which enters the definition of tr" . The first creation operator which we 
shall describe in this paper is t*((^), the adjoint action of the usual transfer matrix. 



^We change slightly the normalization of b, c from ,jL,, but ft remains unchanged. 
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In other words, log(T"^t*((^)) is the generating function for the adjoint action of 
local integrals of motion. Obviously t* {() is block diagonal: 

This operator satisfies the commutation relations 

[t*(Ci),t*(C2)] =0, [r(Ci),b(C2)] = [t*(Ci),c(C2)] =0, 

and has the expansion in — 1, 



p ■ 

p=i 



where t* = 2t. The operators t* satisfy the main property of our creation operators: 
they increase the length of operators, but do this in a controllable way, namely 

length (t;(X)) < length (X) + p . 

Now we come to the description of the main part of our construction. We define 
the operators b*((^), c*{() acting on W with the following block structure 

b*(C) : W,+i,,_i ^ W,,, , c*(C) : W^-i,s+i ^ W, 
and the dependence on (: 



' a,s 1 



oo 



p=i p=i 

The definition of the annihilation operators is a result of a long chain of trans- 
formations from the multiple integral formulae for VEV |5j. In contrast, the way 
we define the creation operators cannot be explained absolutely logically. Their 
definition is a result of many experiments, mistakes, dead ends, etc.. Even after 
the correct operators have been found, the proof of their properties took some time. 
The first property explains that the operators b*(C), c*{Q are creation operators 
acting on W: 

(1.7) length (b; (X) ) < length {X) + p 

length (c;(X)) < length (X) + p. 
The second property is the commutation relations with the annihilation operators: 
(1-8) [b(Ci),c*(C2)]+ = [c(Ci),b*(C2)]+ = 0, 

[b(Ci),b*(C2)]+ = -V^(C2/Ci,« + §), 

[c(Cl),C*(C2)]+=^(Cl/C2,« + §). 

The third property consists in the following fact: 

(1.9) tr"(e"ob*(C)(g'("+'^^(°^Oi)) =0, tr"(e""c*(C)(g'(""'^^^°)02)) =0, 
where Oi, O2 have respectively spins —1 and 1, 

Qq = -res^2^ires^2^i ( ^0 (C1/C2, «) b(Ci)c(C2)-^-^J , 



GRASSMANN STRUCTURE IN XXZ MODEL 5 

and uq is the simple function defined in (11.61) . Let us restrict our considerations to 
The primary field g2°5(o) jg in 

the common kernel of the annihilation operators 
and plays the role of the 'right vacuum'. On the other hand, the linear functional 
v" on W*^") given by 

v"( ■ ) =tr"(e"°( • )) 

plays the role of the 'left vacuum': it vanishes on the image of creation operators. 

Starting from the primary field ^^^^(o)^ ^et us define inductively quasi- local oper- 
ators 



[b*(a)x^i-^^-(Ci,--- ,a-i;«) (efc = +), 

x^--HCi,-- - ,a;«)= <c*(a)(-i)^x^--'=-(Cir- - ,a-i;«) (efc = -), 

[|r(a)x^i-^'=-(Ci,--- ,a-i;«) (efc = o). 

Actually, X''^"'''"{(i, ■ ■ ■ , Cn, a) is rather a generating function of quasi-local opera- 
tors: 

x---(Ci, ■ ■ ■ , Cn; a) = n cr E (Ci' - 1)"^"' ■ • ■ (Cn - ^r-'x;i-Uc^) , 

where the coefficients Xp^'Z'p'^^a) are quasi-local operators from Wa-.s,s, with s = 
#(j : ej = +) — #(j : €j = — ). Rewriting the formula (11.51) as 

(vac|g2"^(o)0|vac) _ f ^n^^o 
(vac|g2"'^('^) I vac) 

we get immediately 

(vac|X^i-^"(Ci, - ■■ ,Cn,a)|vac) 



det ((a;-a^o)(C,+/C,-,«)) 



(vac|g2°5(o)|vac) V' "^^^Jv'-^j,^ ' J p,g=i.- ,i 

where < ■ ■ ■ < jj^ are the indices with = + and jf < ■ ■ • < j[ are those with 

At the moment we do not have a proof of the completeness of X'^^'"'^" (Ci? ' ■ ■ ? Cn? «) 
in 'W^°'\ but we conjecture that it holds. This conjecture is supported by the con- 
sideration of the inhomogeneous case, for which completeness is easy to prove. 

Let us comment on the commutation relations of the creation operators. We prove 
that 

[t*(Ci),b*(C2)] = [t*(Ci),c*(C2)] = o. 

These commutation relations are crucial for our construction: they show that the 
fermionic operators commute completely with the adjoint action of the local integrals 
of motion. 

We do not prove, but only conjecture the remaining commutation relations: 

(1.11) [b*(Cl),b*(C2)]+ = [b*(Cl),C*(C2)]+ = [c*(Cl),C*(C2)]+ =0. 

We already know from our construction that these commutation relations hold in a 
weak sense, i.e., when we consider pairings with elements of the subspace of W*^"^* 
created from v" by right action of the annihilation operators. This is enough for our 
goals. So, we decided to leave the direct proof of (II. lip for future work. We think 
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that the reader will forgive this after passing through extremely complicated calcu- 
lation of Section H] devoted to the commutation relations. Nevertheless, computer 
experiments suggest that (11.111) hold generally. 

In summary, we have fermions which are (conjecturally) completely canonical, and 
the (adjoint) integrals of motion commuting with them. It would be very interesting 
to find the conjugate operators for the latter. When all this has been done, we would 
have a novel description of the space of quasi-local operators: it is simply the tensor 
product of Fock spaces of fermions and bosons. For the descendant operators created 
by the latter, the VEV's can be computed as in free theory. Hence it is important 
to know how to express a given quasi-local operator in terms of these descendants. 
This remains a major open problem. 

Finally let us comment on the paper by Bazhanov-Lukyanov-Zamolodchikov [3]. 
It contains besides deep analytic conjectures a remarkable algebraic construction. 
Namely these authors relate Baxter's Q-operators to transfer matrices constructed 
via the g-oscillator representation of the Borel subalgebra of the quantum affine alge- 
bra Uq{sl2). The BLZ treatment of the g-oscillator representation is a cornerstone of 
our algebraic construction. Unlike the usual considerations, however, we introduce 
operators not on the space of states but rather on the space of quasi-local operators. 
So our philosophy is closer to that of CFT than to the usual approach of QFT. In 
order to define such operators, we use transfer matrices in the adjoint representa- 
tion. Our main message is that a correct understanding of the g-oscillator transfer 
matrices allows one to define fermionic operators in addition to the usual commuta- 
tive families of Q-operators. In a recent work it is conjectured and checked on 
examples that at least in the limit a —>■ the same creation-annihilation operators 
describe the thermal averages, only the function uj{(,a) becomes dependent on the 
temperature. This suggests the universal character of our algebraic construction. 

The plan of the paper is as follows. 

In Section 2 we introduce our notation. Working with a fixed interval [k,l], we 
define various transfer matrices acting on the space of local operators and state their 
basic properties. These operators typically have poles at ("^ = and/or = q'^^C,], 
where ^j's are the inhomogeneity parameters. On the basis of this pole structure, 
we then define the annihilation and creation operators on [k,l]. 

When the interval [k,l] is extended to the left as [k',l] [k' < k), operators on 
the larger interval are simply related to those on the smaller. On the other hand, 
extension to the right [k, I'] (/' > k) is non-trivial. We call these (the left and right) 
reduction relations and study them in Section 3. Using the reduction relations, we 
extend the operators in Section 2 to those on the space of operators on the whole 
infinite chain. While the annihilation operators c, c, b, b are defined in the same 
way both for homogeneous and inhomogeneous chains, the creation operators need 
to be treated separately. We explain the difference of the construction first in the 
simpler case of t*, and then proceed to b*, c*. 

In Section 4, we study the commutation relations. We shall mainly discuss homo- 
geneous chains. We show that t* commutes with creation and annihilation operators, 
and that the annihilation operators c, c, b, b mutually anti-commute. Proof of the 
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anti-commutation relations between creation and annihilation operators is techni- 
cally quite involved, and occupies a substantial part of the section. The main results 
are Theorems 14.71 14. Ill The commutation relations between creation operators re- 
main as conjecture. We prove the simplest case between t* and b*,c* in Theorem 
14.121 Results about the inhomogeneous case are stated as Theorem 14.141 at the end 
of the section. 

We use these results to construct a fermionic basis in Section 5, and evaluate their 
VEV's. The determinant formula for VEV's is given as Theorem 15. 4[ 15.71 

The text is followed by 4 appendices. In Appendix A we collect some necessary 
facts concerning the quantum affine algebra Uq{sl2) and R matrices. In Appendix 
B we give a proof of a technical Lemma in Section 3. When we deal with the q 
oscillator representations, one of the technical complications is that the R matrix 
does not exist for the tensor product and W~ (see Appendix A for the notation). 
We explain in Appendix C that the original BLZ construction offers a way around, 
and deduce exchange relations of monodromy matrices under the trace which are 
used in the main text. The definition of the annihilation operators adopted in this 
paper slightly differs from the one in the previous work [1], [2]. In Appendix D, we 
give the precise connection between the two. 

This paper is dedicated to the memory of Alexei Zamolodchikov. His premature 
decease was a great shock for all of us. 

Aliosha, thinking about you, generosity is the word which comes to our mind. 
You had a great talent, which you shared with the scientific community, and at the 
same time you were a kind and open man. This is how we shall always remember 
you. 

2. Creation and annihilation operators in finite intervals 

In this section we introduce various operators which act on the space of linear 
operators on a finite tensor product of C^. In subsequent sections, we will study their 
basic properties, such as the reduction and commutation relations, and compute the 
expectation values of their products. 

2.1. Twisted transfer matrices. First, let us explain the basic construction in a 
general setting using the representation theory of UqSl2. We fix g G C, which is not 
a root of unity. We leave some details on the representation theory to Appendix \M 
We use the universal R matrix 3? for the quantum affine algebra UqSl2- Set Jl' : = 
^ . gc^d+d(^c ^ ^ ij^^- rj.^^ gQ^gi subalgebra Uqb+ is generated by Cq, ei, to, ^i, 
and Uqb' by /o, /i, to? ^i- In this paper, we consider the level zero case where c = 0. 
Take two representations, vTaux : Uqb~^ End(Vaux) and vTqua : Uqb~ End(V^ua)- 
The former is called the 'auxiliary' space and the latter the 'quantum' space. Set 

This is called the L operator. The most basic property of the L operator is the 
commutativity 

(2.1) [q--^^^^ ® g--^('^i), Lv^^^^v^J = 0. 
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For X G End(K,ua), set 

(2.2) tv^^M{X) := tracey_ {Lv,,,^^,.. ■ [q^^-^^^^ ® X) ■ {Ly^^y^J 

We thus obtain an operator acting on the space of operators on the quantum space. 
We call this operator the twisted transfer matrix. This is different from the usual 
setting where the transfer matrix is acting on the quantum space itself. 

Now, we specify our auxiliary and quantum spaces. Let be a two-dimensional 
vector space over C(g"), where is a formal variable. The reason for introducing 
q" is clear from (12. 2p . 

Fixing a basis of V, we identify M = End(\^) with the algebra of 2 x 2 matrices. 
With each j G Z we associate Vj ~ V, Mj ~ M and G C^. The tensor product 
®j^iVj with the 'inhomogeneity' parameters is called the inhomogeneous chain. 
The parameter is used to specify the action of on Vj. This point will be 

explained shortly. 

For each finite interval [/c, /] C Z, we denote by 

(2.3) M^kA ■= Mk®---(^Mi 

the space of operators in the interval [A;, /] . This is the space on which the twisted 
transfer matrices act when K,„a, = Vk ® ■ ■ ■ ®Vi is chosen. 



We define an action of f/gb 



qua " k 

on V: 



(1) 



for V,. 



,^ — vr^ ' o eV(^ 

where the notation is explained in Appendix \^ We use C, 

Let us fix the notation for L operators. We shall consider two kinds of auxiliary 
spaces: representations of t/gS[2 and representations of the g-oscillator algebra Osc. 
Let Ma be a copy of M. We set 



[IX 



(1) 

C 



vrf ^)ai' G Ma 



M,. 



We have 



where L° ^(0 is the standard trigonometric R matrix 



(2.4) 



(l 








0\ 





m 


7(0 








7(C) 


m 













V 



c-c 



-1 



gC - q-K-' 



7(0 



q-q- 



qC-q % 



The inverse of Ll/Q is given by Ll/Q-' = Ll^C . 

See Appendix El (1A.2|) for the normalization factor p(C)- We also use the notation 
Rji,j2i() •= ^°h,j2^0 especially when both of the tensor components are from the 
inhomogeneous chain. This occurs when we specialize the spectral parameter C, of 
the auxiliary space to ^j. 
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The g-oscillator algebra Osc is also defined over C(g°). It has the generators 
a, a*, q^^ and the relations 

g^a g-^ = g-^a, g^a*g-^ = g a* , a a* = 1 - g2^+2, a*a = 1 - g^^ . 

We have a homomorphism : ?7gb+ — > Osc given by 

(2.5) oc(eo) = ^^a, 0^(61) = ^^a*, o^{to) = g"'^, o^{h) = g^^ . 

g — g~^ g — g~^ 

Let Osca be a copy of Osc. We set 

(2.6) ^A,i(C/0 := (oc ® TTg) 3?' e Osca ® M^. 
We have 

(2.7) La,M)=<OL\AC) 



where 

(2.8) L\AC) ■■- 



-Cal 1 g^- 

g^-^ W 1 Ca^ 



(2.9) LX^C) -Y3^^o g-^^;^. VCa^i 1 - C 

We consider two representations of Osc, but we do not use them before Section 
m See Appendix |X] for their definitions. 

In what follows, we shall use indices a,b, - ■ ■ as labels for M or its representation 
V, and A,B, - ■ ■ for Osc or its representations W^. They are the auxiliary space 
indices. We use the indices j, k, - ■ ■ for the quantum spaces, the components of the 
inhomogeneous chain. 

Here we make some notational principles on suffixes. We denote by X^^^, ■ ■ ■ 
operators which belong to M^j^/]. We denote by x^, ?/„,■■■, 2 x 2 matrices which 
belong to Va- We use also Laj, TA,[k,i], etc.. They are some special operators which 
belong to Ma ® Mj, Osc a ® etc.. We do not drop suffixes in these cases. 

In Section 3 we introduce the spaces of operators W^, W^"\ etc., for which k = 
—00 and I = 00. We denote by X, F, ■ ■ ■ operators which belong to these spaces, 
without putting suffixes. 

We denote by boldface letters b, c, • ■ ■ or 'blackboard boldface' letters T, S, ■ ■ ■ the 
operators acting on the spaces Ma, Osca, M^k^, etc.. We also put suffixes a. A, [k, I] 
indicating the spaces on which they act. However, if they are written with operands 
in quantum spaces, say, X^^fi, we may drop the suffix [k,l] from these operators. 
There are two exceptions for this rule: if the interval for the operand is larger 
than that of the operator (this happens when we divide the latter in two parts), 
we do not drop the suffix in the latter; if an operator yi[k,i] acts on X[k,m]^d[m+i,i], 
where id[m+i,/] G M[m+ifi is the identity operator, we write x^^t ;](X[fc^m]) to mean 
x(X[fc m]id[m+i,«]). We do not drop the suffixes for auxiliary spaces. 

We stop talking just about notations. Now we define the twisted transfer matrices 
on M[k,i] ■ When we choose Va as the auxiliary space the twisted transfer matrix fl2.2p 
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is written as 

r(C,a)(X[,,,]) :=Tr, [T„(C, , 

T.(C,«)(X[,,,]) := r„,[,,/](C)g"'^'X[fc,,]T,,[fc,,](C)-^ , 

Ta,[k,l]{0 ■= La,l{C/^l) ■ ■ ■ La,k{C/^k), 

where Xikfi G M[fc,;]. Here Tr^ : Ma —* C(g") is defined by the usual trace on the 
two dimensional space. Later we use the notation 

(2.10) KAC/QiX[k,i]) := K,j{CIQ ■ X^kA ■ LaMIQ~'- 

Here we take Xj^ ;] G Ma ® M]j^^iy In other words, the operator "Laj belongs to 
End(Ma) ® End(M[fc^i]). It is not considered as an element of Ma ® End(M[fc,j]). 
Therefore, we have 

T,(C, «)(X[fc,,]) = i^aAClii) ■ ■ ■L,,fc(C/efc)(g"'^'X[fc,,]) 

for X^kA G M[k,i]- We set Ta,[fc,«](C) := ^a,[k,i]{C,^)- Notice that Laj(C) has poles at 
= q^'- 

Products of L operators such as Ta [fc /](C) are called monodromy matrices. The 
twisted transfer matrix t*^ ;j((^, a) is essentially the trace of the adjoint action of the 
monodromy matix Ta^[kA{C)- We note that the choice of the normalization factor 
p(C) is irrelevant for the adjoint action, though in some calculations the properties 
of the universal R matrix help us. 

Define the total spin operator ^[k,i] G End(M[fc /]) by 

§(X[fc,i]) := [^[fc,/], X[fc,/]], S[k,i] ■■= \ Eje[fc,/] o-f • 
We say an operator X^jt /] is of spin s if and only if 

(2.11) §(X[fc,,]) = sX[fc,,]. 

When a representation of Osca is used for the auxiliary space, we modify (12. 2p 
by insertion of and the left multiplication by g"^"^!*:.'!; 

(2.12) q(C, a)(X[fc,,]) := Tr^ [T^(C, a)C~'(g-'^['=''iX[fc,,])] , 

(2.13) T^(C,«)(X[,,,]) := T^,[fc,/](C) (^'"''"^[fc,/]) TAXkA^Q'^ > 

(2.14) TAXkA^Q ■■= LaACKi) ■ ■■LAAClik) , 

where X[kA G M[kA- Here the trace Tr^ : g^^^^Osc^ — > C(g") is defined in Appen- 
dix |Xl We define the operator L,aj{C) like in fl2.10p . it has a pole at = 1. 

The reason for putting in the definition of q[fc,/](C) ct) is that with this 

insertion the Baxter equation looks nicer: 

(2.15) q[fe,«](gC, a) + q[fe,«](9"^C, a) - tffe,/](C, a)q[/fc,/](C, a) = . 

The reason for the insertion of can be understood only when we discuss the 

reduction relation in Section [3J 
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2.2. R matrix symmetry and spin selection rule. By construction, it is obvious 
that tj'^ ;j enjoys the R matrix symmetry 

(2.16) Sit|'fc^;](C,a) = tffc^,](C,a)si. 

Here 

Sj := -ft'j^.j+iMj^i+i(^j/^j4.i), 

I^i,i+i (6/6+1) (-^) := -Rj,i+i (6/6+1)-^ -Rj,i+i (6/6+1) 

Ri,i+l{C) '■= -Pj,i+l-Ri,i+l(C)) 

where Kij stands for the transposition of arguments 6 and ^j, and Pij G End(Vi(8>V^) 
for that of vectors. 

A similar remark applies to ci[k,i] and other operators which will appear in Sub- 
section [231 so we will not repeat it. 

Another general remark is on the spin selection rules. Our operators t*^;j, ci[k,i] 
as well as those which will be introduced in later subsections satisfy spin selection 
rules in the following sense. 

We say an operator x^^ /] G End(M[fc^/]) has spin s if 

If ^[k,i] has spin s, we denote s(x) = s. If an operator X^^fl G M^^^ has spin s, the 
operator x(X[fc^j]) G M^k,i] has spin s + s(x). We have 

s{t*) = 0, s(q) = 0. 

For convenience sake we list s(x) for those x which will be introduced in the following 
sections. 



(2.17) 5(x) 



1 if X = k, f, c, c, b*; 
1 ifx = b, b, c*. 



2.3. Spin reversal transformation. The operator tj'^;j((^,a) is invariant under 
the spin reversal coupled to the change of a to —a. However, the other operators 
ci[fe,i](C) ct); k[fc j](^,Q;) are not. We can introduce new operators by such a transfor- 
mation. Let us define the transformation. 

For X[k,i] G M[fcj] we define 

j(^[fc,/]) := n ^1 ■ ^[^-'i ■ n ^i- 

j&[k,i] j&lk,i] 

Then we have 

^[kd] ° ^ik,i]iC, -a) o J[fc,«] = t[fc,i](C, a)- 

Set 

(2.18) N{x) ■.= q-'' -q\ 

For an operator X[fc_i](C,a;) G End(M[fc^i]) we define the transformation by 

0a(x[fe,/](C, a)) := q'^N{a - E>ikfi - 1) o Jf^^^j o X[fc_,](C, -a) o Jf^^^j. 
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We use 0(x) for the operator symbol of the operator 0Q,(x[fc ;]((^, a)): 

0(x)[fc,z](C,a) := 0a(x[fc,/](C,a)). 
The second solution to the Baxter equation 

X[fc,«](gC,a) + X[fc,i](g~^C,a) - t[fc,/](C,a)x[fe,/](C,a) = 

is given by (j){q)[k,i]{C,(y). The convenience of the normalization factor q~^N{a — 
— 1) will be understood when we discuss the commutation relations of our 
operators. 

2.4. Fusion relation and off-diagonal transfer matrix. The product of Laj{C) 
and LAjiC) can be brought into a triangular matrix in Ma- 

(2.19) L{a,A}AO ■■= {Fa,Ar'La,,{OLAAOFa,A 

where Fa^A = 1 ~ ^A^'a ■ This is called the fusion relation. The monodromy matrix 
is triangular. 

Tia,AUk,A() ■■= ha,A}ACIil) " " " (C/^.) = {^"^^^Q /^A[m(C)) ' 

AA,[k,AO = TA,[k,i]{qOq~'''-'\ DA,[k,i]{0 = TA,[k,i]{q~\)q'^''^'^. 

The triangular structure descends to the adjoint action if the operand X[k,i] com- 
mutes with Fa^A (it does if X[k,i] e M[kfi): 

(2.20) T|,,^|(C,a)(X[fc,,]) := (F^.^)"^ (T„(C, «)T^(C, «)(X[,,z])) 

fAAiC,a){Xik,i]) 



\CA{C,a){X[k,i]) Da(C,«)(^[m; 



where 



(2.21) A^(C,a)(X[fc,,]) = TA(gC,a)g"-"(X[,,;]), 

(2.22) D^(C, a){X[k,i]) = TAiq-'C, a)g-"+"(X[fc,,]). 

The Baxter relation (12.151) follows from the diagonal part, AA^[k,m]{(, «) and B)A,ik,m]iC^ ct) 
of this relation. They have no poles at = while the off-diagonal part CA,[k,i]iC, «) 
does. Now we use the latter. Namely, the following object will be basic for the con- 
struction of various other operators. For X^^fl G M^^fi we define 

(2.23) k(C, a)(X[fc,,]) := Tr^{c^(C, a)C-^{q-''i-^^l X[,,,]) } . 

Since [Fa^A, o't] = 0, we have 

k{C,a){X[k,i]) = TTA,a {a+T„(C,«)T^(C,a)C-"(g-'^['=-'iX[,,,])} . 
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2.5. Analytic structure of the twisted transfer matrices. In order to read 
the behavior of the operators tj'^ a), (i[k,i]{CyCi:) and k[fc^i](C,a) in (, it is useful 
to rewrite fl2.23p by using 

Note that the second line is not a similarity transformation. The matrices L°aj{0 
and L°aj{0~'^ are rational functions in C; in the finite plane, they have poles 
only at C = q "^ o^' = respectively. At C = C)0, they are regular and upper 
triangular in M^. The operators L°^j{Q and (1 — O (L^j(C)) are polynomi- 
als in (. The modified operators L°^j{0 and are rational functions in 
In C^, L\j{0 has no pole, and L^jiC)-^ has poles only at C = 1- At 
C = oo, they are regular. We denote by Ta^^kfiiCct), '^A,ik,i]{Cc() the modifica- 
tions of Tajfc,«](Ca), T^,[fc,/](C,tt) where La,[k,i]{C/^j), LA,[k,i]{C/^j) are replaced with 
K,[k,i]iC/^])^ LA,[k,i]iC /^]), respectively. Namely, we have 

T„(C,a)(A[,,,]) = C"G-lf„(C^a)^"G(X[,,,]), 
TA{C,a){X[k,i]) = C"G-lf^(C^a)C'G-l(X[fc,,]), 

where G{X[k,i]) = G[kflX[k,i]G'^^^^iy G[k,i] = Iljelfc,/] '^^^^ rational functions 

of C and the poles in are only at C = 'i^'^^'j and C = respectively. 

The operator t*j^. a) is a rational function in C. Its singularities in the finite 
plane are poles at C = l"^"^^]- is regular at C = oo. The operator q[A:,/](C5 ct) has 
an overall factor If A^fc /] is of spin s, (~°'~^'^c[{C,a){X[k,i]) is a rational function 
in C. Its poles in the finite plane are at C = and C~"~'^q(C) C(){^lk,i]) is regular 
at C = oo- 

Set 

TrA,a := Tr^Tr^. 

In later sections we will use similar notations such as Tr^^^ a^^ c, eic. The behavior 
of k[kfl{Cj C() easily follows from 

k(C,a)(A[,,,]) = C^^^'G-'TTA,a {a+f,(C^a)f^(C^a)G-l(g-2^[MX[fe,,])} . 

If X^kfi is of spin s, C~"^'^~"'^k(C, a){X[f:,i]) is a rational function in C. Its singularities 
in the finite plane are poles at C = and (~°'~^~^^k{(,a){X[f:,i]) is regular 

at C = oo- 

Hereafter we assume ^ I'^^j^ I'^^j J ^ ^])' so that the three series of poles 
in k[/c^/](^,a) have no intersection. On the other hand, we do not require ^ Cj 
{i 7^ j) unless otherwise stated. Our construction goes as well for the homogeneous 
chain as the inhomogeneous chain. 
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2.6. g-exact forms, cycles and primitives. Later we shall extract three kinds 
of operators out of the operator k[fc;]((^,a). In this subsection we motivate this 
construction. The key is its analytic structure in (: the poles are located in three 
series = ^j,Q^'^^j- 

Let denote the g-difference operator with respect to the variable (: 

Ac/(C) :=/(gC)-/(rt)- 

In Section H] we will establish the commutation relations of the form 

k[fc,i](Ci, a)k[fc,i](C2, a + 1) + k[kfi{C2, a)k[kfi{Ci, a + 1) 

= ^Ci^lkfiiCi, C2, a) + A^2m[i|^(C2, Ci, a), 
k[fc,«](Ci,a)0(k)[fc,i](C2,a + 1) + 0(k)[fc,i](C2,a)k[fe,z](Ci,«- 1) 

= Acim[M^(^i, C2, a) + Ac,m[-+)(C2, Ci, «)■ 

The right hand sides of these relations are 'g-exact 2 forms'. Let us consider an 
analogy in differential calculus. If we have an exact 1 form df{(), its integral over a 
cycle C is zero, 

/ dfiO = 
Jc 

and the function f{() is called the primitive integral. 

In the context of our working, we call an operator of the form g[k,i]{C,C() = 
A^h[kfi{C,a) a g-exact 1 form if h[k,i]{C,a) = C"^^ {f[k,i]{0) , and /[fc,/](C^) is a 
rational function in ("^ whose poles in are only at ("^ = ^| for j G [k,l]. We 
call h[fc /](^,a;) a g-primitive integral of g[jt^/](C,a) and denote it by A'^'^g[k,i]{C^ ce)- 
We can take two kinds of cycles C = Cj,Cj on which the integrals are zero. The 
first kind of cycles Cj are ones which encircle the point ("^ = and the second 

kind Cj are those which encircle two points ("^ = g^^| and ("^ = g~^^|- The inte- 
gral J^, g[kfl{C,C()^ is zero because there is no pole at ("^ = C,], and the integral 

Jc S[k,i]{C, is also zero because two residues at = g^^^J cancel each other. 

In the above commutation relations, the singularity structure of the operators 
m("'"+)(Ci, (^2, «), ™\^^\Ci}C2,Oi) and mj^^|'*(Ci, ^2, «) are much improved compared 
to each term in the left hand side. The right hand sides are g-exact in the above 
sense. For example, we have 

the function m\j^^\(f , (h is rational in Ci ? Cl such that the poles in (f G 

are only at = ^| for j G [k,l]. Similar statements hold for mj^^y''(Ci, C2, a) 

and m|^ (^2, a) except that there are simple poles at (f = Q with residues 
proportional to the identity operator. This much will be proved in Section |H 
Now, we integrate the above identities for k[fc,i], 0(k)[fc,j] over the cycles Cj and 

Cj. We denote the operators obtained as residues by cf^^^,, bl^^^, and cf^^^,, br^-*^,. If 
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we integrate the commutation relations in both and C2, in the left hand sides we 
obtain anti-commutators of the operators (except that the value of a changes.) The 
right hand sides are zero. Wc get the Grassmann relations. 

We can modify the operator kj^ a) by subtracting these Grassmann operators 
so that we get a g-exact operator. We define the third kind of operator f[fc,i](C) ct) 
the g-primitive integral of the modified operator. The commutation relations of f[k,i\ 
with Cj^^^p bj^-'^j, Cj^^^p bj^-'^j follow from those for kj^ 0(k)[fc In the next subsection, 
we define three kinds of operators in this way. 

2.7. Decomposition of ^k^i]- We introduce operators c\k^i-\, c\k,i], i[k,i] by decom- 
posing the operator \^[k,i] in accordance with the poles = q'^^C]- 

(2.24) k(C,a)(X[,,]) 

= (c(C, a) + c{qC, a) + c{q-\, a) + i{qC, a) - i{q-\, a)) {X^k,i]), 

or equivalently, 

f (C, a){X[k,i]) = ({k(C, a) - c(C, a) - c(gC, a) - ciq-'C, a)} {X[k,i])) . 

We demand, for any element X^kfl G M[k,i] with spin s, that c(C, a){X[k,i]), c(C, a){X[k,i]), 
and f(C, a){X[k,i]) all have the form C""''^^/[fc,i](C^)) where f[k,i]{C'^) is a rational func- 
tion in whose only poles are ^| {j e [k,l]) and 00. Clearly such a decomposition 
is possible, and is unique modulo terms of the form C"~^^^p(C^) where p(C^) is a 
polynomial in ("^ of degree s. We fix this ambiguity, which occurs when s > 0, by 
making the following choice. 

(2.25) c(C, a){X[k,i]) := ir V'(C/e, « + s + l)k(e, a){X[k,i])f , 

(2.26) c(C, a){X[k,i]) -.^^.fr ^(C/t a + s + 1) {k{q^, a) + k{q-% a)} {X[k,i])f , 

(2.27) f(C, a){X[k,i]) := {P^^C, «) + T^^C, «)} (^[fc,/]) , 
where 

P^^s(C, a)(X[,,,]) ^ ^ V'(C/e, « + ^ + l){-k(ge, «) + Hq-% «)}(^[M)f ■ 
Here 

(2.28) ^^^'")^=^^^'^ 

and p(C^) = (^-a+s-ifreg^^^ a){X[k,i]) is a polynomial in to be determined. The in- 
tegrands are rational functions in with possible poles at = C^) 0, Q'^^^f, q^'^Cj 
{j G [/c,/]). The integrals are taken along a simple closed curve F such that 
(j G [fc, /]) are inside, while q'^^^j,q'^'^^j (j G [A;,/]), and are outside. 
Now we determine p{z). Consider the rational one form in 



^{C/^,a + s + l)k{ta){X)^. 



168^2=0 V^(C/^, a + s + l)k(^, a)(X[fe,/]) — . 
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We use the analytic behavior of C "^*^^k((^, a)(X) in (^^, which was discussed in 
Subsection 12. 5[ First, the above one form has no pole at = oo. Collecting the 
residues using f l2.24p . we obtain that 

(k(C, a) - c(C, a) - c{qC, a) - c{q-\, a) - F-^(gC, «) + P"^^(g-'C, «)) 

A' 

e 

Then, the right hand side is times a polynomial in ('^ of degree at most s. 

Therefore, for generic a, p{z) is uniquely determined by the equation 

A' 

e 

In particular, p{z) = if s < — 1. The decomposition fl2.24p follows from this. 
Using this notation, we define 

b[fc,i](C,a) := 0(c)[fc,/](C,a), ^[k,i]{C,a) ■= (f){c)[k,i]{C,a). 

The operators h[k,i]{C,a), C[fc,;](C, a), b[fc,i](C,a), C[k,i]{C^C() are called annihilation 
operators because they annihilate the "vacuum state", the identity operator id[fc^/] G 
M[kfl. (Recall that we fix the interval [k,l] and are discussing operators acting on 

Remark 2.1. The operators a){X[k,i]} (x = c, c, f ) are rational in C^. 

In the homogeneous case, they have a pole at = 1, while in the inhomogeneous 
case, if we assume that 's are distinct, their poles are simple poles only at ("^ = 
(j e [k,l]) m C\ 

Until the end of this subsection we consider the inhomogeneous case with distinct 
spectral parameters. Let /(C^) be a rational function in . In order to unburden 
the formulas we use the residues of functions of the form C"^™/(C^); 6.g., 

resc=cx(C, = e^^+^res^.^^^C-^^+^+^^clC, . 

In this notation, by the definition we have 

resc=^^.c(C,a)(X[fc,,])^^ = resc=5^.k(C, 

resc=5x(C,a)(X[fc,,])^^ = \ (resc=g-i5^ + resc=,gj k(C, 

resc=gT(C,a)(X[fc,i])^ = \ (res<^=q-ig^. - resf=,^J k(C, 

The following is less obvious. We consider the residue at the right end, C = ^z- 

Lemma 2.2. The residues of h^kfiiC , o^) at ("^ = q^'^^f are given in terms of the 
residue of (\^k,i]{C,Oi) ■ 

res^=,-i^,k(C,a)(X[fc,,])^ = -res^=^, (^cr+ q{(,a){Xikfi)^^ , 
reSf=qg,k(C,Q;)(X[fc,;])^^ = -res^=5, (^q(C, Q;)(X[fe,;]) (t+)^. 
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In particular, we have 



Proof. We prove the first formula. Tlie otlier one is similar. We start from 
k(C,«)(^[fc,/]) = TrA,a|fT+L|„,A},/(C/6) 

xT|„,A},[fc,/-l](C,")C~'(g"'''"=-''^[fe./])^{a,A},/(C/a)"'}. 

We use fl2.19p for L(^a,A},i{.C) and fl2.20p for Ts^a,A},[k,i-i\{C^(^)- We must be careful 
about S in fl2.2ip and fl2.22l) . When the formulas are used in Ts^a,A},[k,i-i]{.C^(^) 
this means §[a;,/_i]. To see if there is a pole at C = OT^ij we use (12. 7p . and that 
L {Q := (1 — C,'^)L\i{Q~^ is regular aX C, = 1. For the normalization factor we use 

<y{qO 1 - 



Taking the residue at C = OT^ij we obtain 
res^=,-ig^-k[fc,;](C,a)(X[fc,;]) 

By a similar calculation for (\[k,i] we obtain the first formula. □ 

2.8. Creation operators bj'^, and cj"^;]- Our main objects in this paper are the 
creation operators. We define them in terms of i[k^i] and t*^ as 

(2.29) b*(C,«)(X[,,,]) := (f(gC,«) + f(g-'C,«)-t*(C,«)f(C,«))(^[M)- 

(2.30) c*(C,a)(X[fc,,]) := -0(b*)(C, a)(X[fe,,]). 

Notice the similarity of this definition with Baxter's TQ relation (12.150 : the same 
second order linear difference operator is used in the right hand side of (I2.29P . This 
particular combination of the operators enjoys several miraculous properties such 
as the regularity, the reduction and the commutation relations. In the following 
sections we shall establish them. 

Remark 2.3. The construction of operators in this section goes equally well when 
q^ is a root of unity other than —1. With a little more care the case q^ = —1 can be 
also treated. We hope to discuss these in a separate publication. 



3. Reduction relations and extension to infinite volume 

In this section, we discuss certain stability of the operators ^[kfi, etc., when 
the interval [k,l] are enlarged to [k',l']. It is called the reduction relation. The 
reduction relation will be used essentially in the definition of operators on the infinite 
chain. 
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3.1. Space of quasi-local operators. Set 

j = -0O 

and consider formal expressions where is a local operator of spin s, 

i.e., is an element of M[k,i] for some interval [k,l] such that S(0) = sO. We call 
them 'quasi-local operators'. We denote by W*^") the space spanned by quasi-local 
operators of the form above, where a is fixed and s can be any integer. Mathemat- 
ically, one can define the space W^'*^ as an inductive limit. Physically, we want to 
compute the vacuum expectation values 



(g2"S(0)Q^ 



\vac|g 



2"^W0|vac) 



(vac|g2"S(o)|vac) 



Therefore, we are interested in the spin zero case, i.e., s — 0. The multiplication of 
q2aS{o) jg ^Y]_c insertion of a disorder field in the infinite chain. 
As we did in Introduction, we set 

The subspace of quasi-local operators, stable outside the interval [k,l], will be de- 
noted by ('W)[fc We will define operators acting on W. All the operators we discuss 
in this paper are block diagonal 

Prom now on, we fix a and discuss the restriction of x on W^") denoting it by the 

same symbol x without specifying a. We note that in Section 2 the symbol a was 
used as a 'dummy variable' rather than a fixed parameter. We shall keep using a 
in these two different ways, but there should be no fear of confusion. In formulas 
containing infinite interval, a is a fixed parameter specifying the subspace we work 
with, while in formulas containing only finite intervals it is used as a dummy variable. 
The operator S defines the spin s on W*^"). We have the decomposition 

w(") = e.ezWi"), wi°) := {X e w(") I §X = sX}. 

The creation and annihilation operators change spin s. Accordingly, they change the 
semi- infinite tail g2(a-s)S(o) follow up this change it is convenient to introduce 
an operator 

ex. — a — S. 

Note that a + § is a c-number on W^°'\ i.e., it commutes with all kind of operators. 

In Section 2 we constructed the creation and annihilation operators X[,fc /]((^, a) 
acting on M^j^ ;]. Recall that we denoted by s(x) the spin of the operator :K[k,i]{C, 
In this section we will define operators x(C) acting on W*^"-* in such a way that for 
all s e Z 

7(") 
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In the homogeneous case, we construct x(^) as the inductive hmit of X[fc /](^, a): 

x(C)L(c) = hm X[fc,/](C,a-s). 

s — s(x) k—>- — OG 

To be precise this means for X^k^^] ^ "^l-''s(x) 
(3.1) 

x(C) 

{g,2{a-s)5(A:-i)^^^^^^^^^ a — s){X[k^m]) foT I > 171 if x is annihilation; 

g2(°-^)^(^-i)x[fc,«](C, a - mod (C^ - l)'"" if x is creation. 

In the inhomogeneous case, for the annihilation operators, the inductive construction 
is the same and we obtain operators x((^) acting on W^^^ On the other hand, for 
the creation operators, the inductive construction leads to operators whose domains 
are restricted in such a way that x(^j) is defined only on the operators of the form 
^2(a-s)5(fc-i)j5^^^^^j with X[fc,„] e M[fc,„] where m < j. 

3.2. Left reduction relation. The definition of the twisted transfer matrix (12. 2p 
has a general feature, which we call the left reduction property. Suppose that the 
quantum space is a tensor product of two representations vrqua : Ugb^ Vqna. {i = 
1,2), 

qua qua ^ qua 

Then, if y G End(Vqul), we have 

(3.2) ty^,Ja)(g°--^('^i) 0Y) = ^ t^(.) {a){Y). 

^ •'qua 

This is obvious from (12.11) and 

-^14ux®Vqua = y(2) L (1) . 

^ vaux^^y vqua vaux^^S* vqua 

Applying (13.21) to the operator t*^^j(C,Q;) we obtain 

t*(C,«)(g"'^-^^[M) = g"'^-^t*(c,a)(X[,,,]), 

where X^^^i] G Mj^ ^]. This is called the left reduction relation for t*. Note that we 
keep the convention on suffixes; e.g., t*(C, a)(g"'^^-iX[fc,i]) = tJ'^_-^_^j(C, a)(g"''^-iX[fc,i]). 
By a similar argument we obtain 

k(C,a)(g("+^)'^-iX[,,,]) = g"-t^k(C,a)(X[,,,]). 

This is also called the left reduction relation. The shift of the parameter a occurs 
because of the factor in the definition of l^ikfiiC, a). By the spin reversal we 

obtain 

0(k)(C,a)(g("-i)'^t^X[fc,,]) = g"'^ti0(k)(C,a)(X[fc,,]). 
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In all cases, the action of the operator x changes the coefficient in front of ct|_i 
by — s(x). The left reduction relation enables us to define the action of x on the 
semi-infinite interval (—00, 1] by changing to 2S{k — 1). For example, we define 

The real question is how to extend it to the complete infinite chain. We want to 
obtain something independent of I when I — > 00 out of the operator on the interval 

{-QG,l]. 

3.3. Locality of annihilation operators and quasi- locality of creation oper- 
ators. We define the support of a quasi-local operator X e W*'"-' to be the minimal 
interval [k, I] such that 

X = g2"^(^-i)X[,,] 

for some X^j^^q e M^k,i] holds. Then, we define its length by 

length(X) = l-k + l 

Note that M[k,k-i] = ■ / by definition, where / is the identity operator; the 

support of g2"'^(o) is the virtual interval [k,k — 1], and length (g^"'^*^"'') = 0. The 
operator g2«s(o) j^g^Qngg to Wq^^ 

We will define two kinds of operators on W^^^: creation and annihilation operators. 
Let us discuss them separately. 

Annihilation operators. We have already defined annihilation operators X[fc ;](C, ct) 
(x = b, c, b, c) on the finite interval [k,l]. We will define the operator x(C) acting 
on W*^"\ There is not much difference in the homogeneous and inhomogeneous 
cases except for the analytic structure. The singularity in ^ is at = 1 in the 
homogeneous case, while the singularities in the inhomogeneous case are at = 
The definition goes as follows. 

The right reduction relation for annihilation operators is exactly the same as the 
left reduction. Suppose that k < m < I. We will prove that if X\k^m-^ e -^[A;,m] then 
we have an equality 

,m]) ^[k,m] 

Therefore, we can define x(^) : W*^"-* W^"''. Namely, for Xjjt^^] e My^^^n] of spin 
s — >s(x), we define 

x(C)(g^("-^-+^-W)^(^-^)X[,,„]) := g2("-^)^(^-^)x(C,a - 

We call this property of the annihilation operators the locality. 

In the homogeneous case, one can define the annihilation operators Xp where 
X = b, c, b, c, by the series expansion 

|C-"Er=o(C^-ir% ifx = b,b; 

lcEr=o(c^-i)-% ifx=c,c. 

In the inhomogeneous case, the corresponding objects are the residues res^=^^.x(C) 
at the simple poles C = Cj- 
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Creation operators. Creation operators may enlarge the support of quasi-local op- 
erators to the right. There is some difference how much the support is enlarged to 
the right in the homogeneous and inhomogeneous cases. 

Homogeneous Case. In the homogeneous case, we will define operators Xp acting 
on W'^"^ where x = t*, b*, c* and p E Z>i, such that if the support of X G W^"^ is 
contained in [k,m] then the support of Xp(X) is contained in [k,m + p]. Namely, 
the length of quasi-local operators is incremented by at most p. Then, we define the 
operator x(C) as the formal power series with the coefficients Xp. 

oo 

p=i 

oo 

p=l 

oo 

p=i 

Inhomogeneous Case. Wc assume ^ C,j for i ^ j. We have already defined oper- 
ators X[jfc /]((^, a) where x = t*, b*, c*. We will prove that they satisfy the properties 
that if X[fc,m] G M[fc,m] and m < j < Z then X[fc,i](C, is regular at C = Cj, 

the specialization xj^. a){X[k^^j) belongs to M^^jj and it is independent of I. 

When X G (W^"^ , , we denote 

X - ^2(a-s+s(x))5(fc-l) x„ , 
y [k,m\ ) 

If Xg (Wi"^) ._ , we can define x(^j)(X) by the inductive limit 

We call these properties of the creation operators the quasi-locality. In the fol- 
lowing subsections we will prove the quasi-locality of the creation operators. 

3.4. Creation operator t* and local integrals of motion. In this subsection, 
we clarify the quasi-locality in details in the case of the creation operator t*. In 
particular, in the homogeneous case, we show that the action of t*(C) is given in 
terms of the shift operator and the exponential adjoint action of the local integrals 
of motion. 

We define the shift operator T[fc,;] : Mik,i] Mik+i,i+i], Xik,i] ^ T{Xik,i]) by 

'''{^[k^i]) = Kk,k+i ■ ■ ■ -f^i,;+iPfc,fc+i • • • ^i,i+iiX[k^i]), 

where Kij is the exchange of the inhomogeneous parameters with ^j. The shift 
operator r is also defined on W^^^: 
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The key observation is that 

La,i(l)=PaJ. 

Homogeneous Case. In the homogeneous case, it leads to a simple fact that if 
^[k,m] £ M^k,m] a^d m < I then the operator tj'^;j(l,a) satisfies 

It means in the inductive limit we have the shift operator 

I — >oo 

Let us expand lt*^^^i-^{(,a){Xik,m]) in - 1- Set 
We have 

Define an operator rjj(C^) by 

i^,(C^) = l + (C^-l)rM(a. 

Note that ri,j(C^) is regular at = 1 and that rjj(C^)(Z) = if Z is a local 
operator such that its action on the i-th and the j'-th components is proportional to 
the identity operator or q°'^'^i^'^j\ We define M|^;j(C^) acting on by 

m"(C')(^[m) ■■= <-i(C') • • ■K^i,k{C){Xy,,^- 

We have 

= 2 - l)^-"r,+,,(C^) ■ ■ ■ r^+2,^+i(C')M^(C')(V'[.,.n+i]) 

j=m 

+ (C' - l)'-"^Tr, {r,/C')r/,/-i(C') " ■ ■W2,™+i(C')K^(C')(>^[fc,m+i])} • 

where y[fc,m+i] '■= Q'"'^^''"(^[fc,m])- Therefore, the inductive limit is well-defined as a 
formal power series in (^^ — 1. Namely, for X e Wi"'' such that the support of X is 
contained in [/c, m] we define 

t*(C)(X) = limg2(— )^(^-i)tf,,](C,a-5)(X[,,^]) 

oo 

The operators t* are the coefficients of t*(C). 

oo 

p=i 
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From this definition it is clear that the operator t* enjoys the quasi-locahty discussed 
in Subsection I3.3[ 
Later we use 

Lemma 3.1. Suppose that k < m < I, and let yjfc.mj.c £ M[k,m] ® Mc- Set 
Y[k,m],m+i ■= ^c,m+i{Y[k,m],c)- Then, we have 

Tc,[r)i+1,/] (C) (^[A:,m],c) 
j=m 

Let us return to t*(^). We have 
where 

- i-r-i + -^"t + - 1) + - 

is the local density of the Hamiltonian. 

The local integrals of motion Ip {p > 1, /i = ^J^-i Hxxz) are defined as coeffi- 
cients of the formal series in (^^ — 1: 

oo 

hm log fe^-i(C') ■ ■■RIn+.MC")) = - !)%• 

p=l 

By the Campbell-Hausdorff formula, each Ip is a sum of local densities ^[j j+p] ^ 
M[jj_|_p], which commute with X E W^"^ if the support of X does not intersect with 
+ p]. Thus, Ip = [Ip, ■] is well-defined on W^") and we have 

it*(c)=exp (Er=i(c'-i)%) ^- 

Inhomogeneous Case. We prove 

Lemma 3.2. Suppose that k < m < j < I. Then, we have 
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Proof. We have 

= ^j,[k,j^l]i^j)i(l'^''' X[k,m]) 
3 

= Sj_i ■ ■ ■ Skiq"""" ■ T(X[fe,„])). 

□ 

Corollary 3.3. If X e (wi"^) ._ we can define t*{^j){X) by the inductive 
limit 

and we have 

|t*(^j)(X) = limfe_,_oo Sj_i • ■ ■ SfcT(X). 

3.5. Right reduction relation for k[fci](C,Q;). In this subsection we prove the 
right reduction relation for the operator ]i.[kfi{C,a)- It implies the right reduction 
relation for the annihilation operators b, c, b, c discussed in Subsection 13. 3[ 
We use the anti-automorphism 6j of Mj: 

9j{x) := a'jx*- a'j for Xj E Mj. 

In general, we denote O^kfi '■= Y[]=k^j- property (crossing symmetry): 

This property is universal, i.e., valid for Laj(C), L{a,A},j{C), ^a,[fc,/](C), eic. 
Lemma 3.4. Suppose that k < m < I. Let Xj^ m] G Mj^ ,^]. Then we have 

(3.3) k[k^i]{C,a){X[k,m]) = k(C,a)(X[fc,™]) + A(;V[k,i]iC, a){X[k,m]), 
where 

(3.4) V[,,,](C,a)(X[fc,„]) = Tr^ (V:4,[™+i,^](C)Ta(C, «)C"'(g"'''"'""'^M)) , 

(3.5) VA,[m+l,l]{C) = -d[rn+l,l] (^^,[^^+1,/] (Og'^'^+^'^TAJ^^+l,/] (gC)"') • 

Proof. We use J = [k,m], K = [m+ 1,1]. Write the operator ^[k,i] separating the K 
part from the J part: 

k[k,i]{C,a){Xj) = Tr,,^ [a+T|.,^|,;,(C)g-2^-T|,,^}(C,a)C-^(g-2^'^X^)T|,,^},^(C)-^] 

We want to bring Q = T{a,A},KiC)~^ together with P = a^T{a,A},KiC)c[~^'^"' ■ Using 
the cyclicity of trace we obtain 

k^k,i]{C,a){Xj) = TTa,A {Ok {9K{Q)9K{P))T^aA}iC^(^)C~^(l~''''Xj)} ■ 
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The expression 6k {9k{Q)0k{P)) is used to keep the order of the product PQ with 
respect to the quantum space K but reverse the order to QP with respect to the 
auxihary space a, A. The rest of the proof is straightforward. □ 

The right reduction property of the annihilation operators, which was discussed 
in Subsection 13.31 follows from (13. 3p and the following 

Remark 3.5. The operator A(^V[jt /](^, a) is q exact in the sense of Suhsection \2.b\ 
To see this one can rewrite 

In particular, we have 

The right reduction relation for f[fc i]((^,a) reads 
Corollary 3.6. 

f[fc,Z](C, «)(-^[fc,m]) = f(C> «)(-^[fc,m]) + V[fe,z](C, a){X^k,m]) ■ 

3.6. Right reduction for bj"^ a) and its regularity. The right reduction 
relation for the creation operator h*^-^ , a) reads 

Lemma 3.7. Suppose that k < m < I. For X^k ^] G Mj^^m] we have 
(3-6) b[;,, ;](C,a)(X[fc,„]) = Trc {Tc,[ni+i,i]{Ogc{C, a){X[k,m])} , 

where 

ge(C, a){X[kM) = (|f (^C, «) + Hq-\, «) - Tc(C, a)f (C, ") + MC, «)) (XikM), 
u,(C,a)(X[fc,„]) = Tr^,, {F,,,,AT{a,A}(C, (g-^^^-iXifc,^]) } , 

(3.7) Ya,c,A = + a+al - aAaja^. 

The proof will be given in Appendix B. In this formula the automorphism 6[m+i,i] 
does not appear. By introducing the auxiliary space indexed by c, we have eliminated 
the 9[m+i,i] used in VA,[m+i,i]iC) ■ 

An immediate consequence of the right reduction relation is the regularity of 
'^ffc /](C; ct)(-^[fc,m])- In the homogeneous case it is regular at C = 1; and in the 
inhomogeneous case it is regular at C = where j G [k,l]. For the proof it is 
enough to consider the latter case with distinct spectral parameters since other 
cases are obtained by specialization. 

Lemma 3.8. Suppose k <m < I. Then h'^f^ ^^{(,a){X[k,m]) is regular at = for 
any j G [k, I] . 
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Proof. Since Tc,[m+i,/](C), f[fc,m]('?C, «) and f[fc,m](g"^C, «) are regular at = ^j, it is 
enough to show that 

res^=5Tc(C,«)f(C,a)(^[fc,m])^ = res^=5jUc(C, «)(^[fc,m])^- 
By the R matrix symmetry without loss of generality we assume j = m. We have 
{LHS) = -|res^=g„Tc(C,a) [a+,q(C,a)(X[fc,„])] ^ 

= -resc=uTr^ {(iaf + a^c7+)C^(C, 

where in the first line we used Lemma 12.21 going to the second line we used the 
fact that Tcjfc,m](^m, a) contains the permutation Pc,m, going to the third line we did 
the fusion, and dropped the diagonal terms since they are regular at ^ = For the 
same reason we dropped the term containing cr+a^ to obtain res^=^„Uc(C, «)(-^[fc,m])^ 

□ 

3.7. Creation operator b*((^). Now we define the creation operators h*{() on 
the space W*-"-*. We discuss the homogeneous and inhomogeneous cases separately. 
There is a crucial difference in the two cases: the operators b* are defined on the 
whole space W*^") in the homogeneous case, while the operators b*(^j) is defined 
only on a certain subspace of W*^"-* in the inhomogeneous case. 

Homogeneous Case. Let k < m < I. The operator C^"b*^ a) is a rational 
function in ("^ and regular at = 1 when it acts on Xik,m] € ^[fc,m] • Lemma 13.71 
shows that the dependence of h*i^ ^^{(,a){Xik,m]) on / comes only from Tc,[m+i,«](C)- 
Therefore, from Lemma [3.11 we see that the coefficients in the expansion 

oo 

bf,,,](C,a)(X[,H) = C'Y.^e - i)^-^(b;)[,,,](X[,,„]) 

p=l 

stabilizes when / oo. From this one can define b* on W'-^^ 

Inhomogeneous Case. By exactly the same argument as in Subsection 13. 4t we can 
show that 

The above relation implies that the operator b*(^j) is well-defined on (wi"^) 

4. Commutation relations 

It this section we shall find the commutation relations of the annihilation operators 
b, c with the creation operators t*, c* and b*. We shall also comment on the 
known commutation relations [1] of the annihilation operators among themselves. 
We shall restrict our consideration to the more complicated homogeneous case. The 
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commutation relations for the inhomogeneous case will be presented at the end of 
the section with necessary comments on their derivation. 

Before starting, recall the connection bewteen operators in infinite volume and 
those on finite intervals (13. ip . On the basis of these relations, we drive commutation 
relations for the operators in infinite volume from those for finite intervals. 

4.1. Commutation relations of c, c with t*. The derivation of the commutation 
relations is a complicated problem, so, this section will be rather technical. 

We shall act by operators b, b*, etc. on the quasi- local operators of the form 
g,2a5(fc-i)^^^^^j_ It is clear from left reduction relations that in that case they can 
be reduced to h[k,oo), ^[koo)^ acting on X^k,m]- Let us take / 3> m. Then the 
construction of the operators b*, c*, implies for the homogeneous case: 

b[fc,oo)(C)(^M) = bf,,,](C)(X[,H) mod (C^ - 1)'-™ . 

We shall consider the commutation relations of c, c with t*, c* and b*. The opera- 
tors c(C) and c(C) are defined by (12.251) . (I2.26P via k(^). So, in order to treat them 
simultaneously we shall actually consider the commutation relations with k(^) com- 
puting them up to g-exact forms defined in Subsection 12.61 Equality up to g-exact 
forms in ^ will be denoted by 

We begin with the following technical Lemma. In the statement and the proof, 
we use a 2 X 2 matrix algebra with spectral parameter ( in two ways: as an 
auxiliary space, and as an additional quantum space. In the right hand side of (14. ip 
below, the inhomogeneous parameter corresponding to c is to be understood as (. 

Lemma 4.1. Suppose that k < m < I and Y[k^m],c ^ ^[fc,«] ® Mc- We have 

(4.1) k[fc,«](^,a)TrcTc,[m+i,i](C)(^[fc,m],c) 

~5 TrcTc,[m+l,l]{C)^[k,m]^ci^^a){Ylk,rn],c) Hiod " l)'"""- 

Proof. Consier the following expression: 

X[k,l] ■= Trck[fc^i]uc(^, a)Tc,[m+l,«](C)('^[A:,m],c)- 

There are two ways to compute X[k,i]- First write 

Xikfi = Tr,,b,B{^cABT{b,B},[fc,/](e,a)r"^'^-'' {q~^''^'''^T,^irn+i,i]{0{Y^kM,c))} , 
where 

z,,,,B:=e'=L|,,B},,(e/C)-'K)g-'^'- 

Lemma [XT] says modulo (C^ — ly-m c-dependence in Tcjm+i,«](C)(^[fc,m],c) disap- 
pears: 

Tc,[m+i,i]iC)iY[k,mu) = W[k,i] mod (C' - l)'-'". 
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Denoting by =i-m, equalities modulo (C^ — 1)'^™, we have 



X[k,l] =l-m. 



-l—m 



It is easy to check 1icZc^b,B = 2(T^. So, we obtain 

^[k,l] =l-m k[fc,/](^, Q^)TrcTcJm+l,/](C)('^[A:,m],c)• 
NoW write 

X[k,l] = TTc,b,B<yb^{b,B}A^/0^{b,B},[m+l,l]{C,)^{b,B},[k,m]{C., «) 

Using the Yang-Baxter equation and then the right reduction relation we obtain 

X[kfi = ^''^c,b,BO^b^c,[m+l,l]{0^{b,B},[m+l,l]{0^{b,B}A^/0^{b,B},[k,m]{^, «) 

TrcTc,[m+i,/](C)k[fc,m]uc(^, a)(yifc,m],c)- 

Remark. We can allow Yc^[k,m] to be a function of ("^ regular at ("^ = 1. 
From this Lemma we get the first couple of commutation relation. 
Corollary 4.2. The operators c, c commute with t* 

(4.2) [c(O,t*(C)] = 0, [c(C'),t*(C)] = 0. 

Proof. From the general remarks given at the beginning of Section 4, it is enough 
to deduce the following equality from Lemma 14. It 

(4.3) k[,,,](e,a)t*(C,a + l){X^kM) tf,_,](C, a)k(e, a)(X[fcH) mod (C' - l)'"'" 



□ 



Set Frfc.mLc = ^c,[k,m]{C,a){q''''Xik,m]) in (gH]). The (LHS) immediately gives the 



(LHS) of (iJD. For the (RHS), move g-'^c-s^.n through Tc,[k,m]iC, a) and use the 
Yang-Baxter equation 

IL{6,B},c(^/C)T{b,_B},[fc,m](^' «)Tc,[fc,m](C, ") = ^c,[k,m]iC, Oi)^ {b,B},[k,m]{C. , a)h{b,B}A^ / ■ 

Finally h^b,B},c{^/0 will disappear because of 

L{6,ij},c(e/C)('?"''''^-™'^[fcH) = ^[fcH' 
and we obtain the (RHS) of (gSD- □ 
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4.2. Commutation relations of c, c and b*. Now we want to consider the com- 
mutation relations among c, c, b*. They are based on the Yang-Baxter equation: 

(4.4) 

-R{a,A},{fe,B}(Cl/C2)T{a,A}(Cl)T{b,B}(C2) = T{6^B} (C2)T{a,A} (Cl)-R{a,A},{6,B} (C1/C2) , 

See Appendix A for more details. We start from commutation relation of k with 
itself. 

Lemma 4.3. The commutation relation for a) is given by "q-exact 2 forms": 

(4.5) k[fc,/](Ci, a)k[fc,,](C2, a + 1) + k[k,i]iC2, a)k[k,i]iCi, a + 1) 

= ^Ci^ltfliCi, C2, a) + Af2m[J,|HC2, Ci, a), 

where 

(4.6) m(++)(Ci,C2,a)(X[M) 

= TrM,B (M,,A,B(Ci/C2)TA(Ci,a)T{6,B}(C2,a)(CiC2)"-'(g-'''['^'"X[fc,,])) , 

with ua,b = aL\q~'^^-^a.B- 

Proof. A similar formula is proved in yj, so the proof here is brief. Denote Aa{Ci, a), 
CA(Ci,a), E)A(Ci,a), AB(C2,a), CB(C2,a), ^B{C2,a) by Ai, Ci, A, A^, C2, D^. 
First, consider (RHS) of (14. 5p . There are some cancellations. Namely, the term 

in m|^^|''(g~-^(^i, (^2) which comes from the (1,1) element in Mfe^A,_B(C) cancels with 

the one in m^^~l^\qQ2i Ci) from the (2, 2) element. This is a consequence of the Yang- 
Baxter relation R'i^DiA2 = A2DiR^3. Another cancellation come from R22A1D2 = 
D2AiR22- So, we will prove the equality (14.51) for the rest. 
From the Yang-Baxter relation (14.41) one finds that 

(4.7) C1C2 — -R44 C2Cii?ii 

= —R^l R42A1C2 + DiC2R^^ R^i — R^^l R43,Rz^ A2C1R11 + R^l D2C1R21 

+-R44 (i?43i?33^i?31 — R4i)AiA2 — DiD2Ra^I {Ri'iR^^ R^i — Rai). 

We use (12.11) frequently in the calculation below. Rewrite (LHS) of (14.51) . e.g., 
(4.8) 

k(Ci,a)k(C2,« + l)(X[fc,,]) 

= Tr„,,,^,,|a>+T|,,A}(Ci, a)(r''q'''""''^{b,B}i(2, " + l)C2""'+'(g"'''"='"^[fc,z])} 
= ^Tr„,,,,,|g2^-a+a+T|,,A}(Ci,«)T{,,B}(C2,«)(CiC2)"-'(g-'''['=''iX[fc,,])}. 
Thus, we obtain 

(LHS) = ^Tr,,,,^,,|g2^^(CiC2 - i?4"4 C^2C^ii?ii)(CiC2)"-"(g^'''i^^'iX[fe,z]) }• 
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In the right hand side evaluating, for example, the term with A2C1, one has to 
remember that Ab{C2,C() = Tb(C2?5 and move trough Cyi(Ci,a) using 

(4.9) g-^T|,,^}(Ci,«) = g^-+^'^^T|„,^|(Ci,a)g-^-^--^'^2 , 

and use the cyclicity of trace. After some calculations using (14.81) . (14. 9p . the equality 
fHTD gives rise to (|43]). □ 

Lemma 4.4. The singularity at (f = Q which is present in cancels when 

Mb^A,B{C) ^-5 substituted into mj^^|'*(^i, C2, a). 

Proof. Indeed, suppose 

^[tfl (Ci, C2, a) = ^^f{C^)C^- + regular , 

where /(Cl) is a rational function. The left hand side of (14. 5 p is regular at Ci = Clo'^^- 
So, the poles at this point must cancel in the right hand side. This requirement leads 
to an equation for /(Cl) which has no rational solutions. Hence /(Cl) = and the 
singularity of mj^^|'*(Ci, C2, a) is fictitious. □ 

Integrating (14.50 in Ci and C2, and using the commutativity of two integrations 
assured by Lemma [4.31 we have 

Theorem 4.5. In the homogeneous case we have the commutation relations: 

(4.10) [c(C),c(C')]+ = 0, [c(C),c(C0]+ = O, [c(C),c(C')]+ = 0. 

Now we are ready to attack much more complicated case of the commutation 
relations between c and b*. The operator b*(C,a) is constructed via the operator 
f(C,Q;). First, we derive the commutation relations between f and k. 

Lemma 4.6. We have: 

(4.11) f[fc,/](C,a)k[fc,;](^,a + 1) + k[fe,/](^,a)f[fc,i](C,a + 1) ^5 m[+|^(C, ^, a). 

Proof. Denote the difference (LHS)-(RHS) of (14. lip by X[fc,i](C, ^, a), we want to show 
that it is g-exact in ^. It is enough to prove this statement in the inhomogeneous 
case where are distinct. Then, because of Lemma 14. 4[ it is equivalent to the 
vanishing of the integrals y[fc,/](C, a; F) = J^:>C[k^i]{(,^,a)^ for F = Cj,Cj. Let us 
prove y[A:,/](C! ctj r) = 0. Recall that 

\i[k,i]iC, a) = k[fc,i](C, a) - C[fc,i](C, a) - C[fc,/](Cg, a) - C[fe,;](Cg"\ a). 
We know already that c^^ /](C, a), C[fc^i](C, a) anti-commute with k[jt /](^,a) up to q- 
exact form in ^. Therefore we have A,;X[fc^/](C, ^, a) —5 Agmj^;'|'''(^, C, a). Hence 

Acy[,,,](C, a; ^) = ^< [ = / ^' = 

From this follows that y[fc,«](C) ct'i T) = 0, and therefore yi[k,i]{C: ct) —5 0. □ 
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Theorem 4.7. In the homogeneous case the operators c and h* anticommute: 

(4.12) [b*(C),c(C')]+ = 0. 

Proof. Consider the intervals [k,l] for / > m. We may drop the suffix [k,m\ 

in the following formulas within the rules discussed in Subsection 2.1. Use Lemma 
Oin 

k[fc,«](^,a)b[fc^^](C,a + l)(X[fc,„]) = k[k,i]i^, a)trJJr^^[rn+i,i]iOSciC, a + ^){X[k,m]) 
~5 Tr,T,,[„+i,,] (C)k[fc,^]ue(e, «)gc(C, « + 1) {Xik,m]) mod (C' - 1)'-"" • 
On the other hand using the right reduction for k we have 

b[fc,i](C,«)k[fc,«](^,a + l)(X[fc,^]) ~5 trcTc,[„+i,i](C)gc(C,")k(^,a + l)(X[fc,^]) . 
So, the anticommutator is of the form 

{k[fc,i](^, a)b[fc_,](C, a + 1) + h^^fliC, a)k[fc,/](^, a + 1)} 
~g TreT,,[„+i,;](C)X,,[fcH(C,0 mod (C' - 1)'-'", 

(4.13) Xe,[fc,^](C, = {k[fcHuc(e, a)gc(C, a + 1) + gc(C, a)k(e, a + l)}(^[fc,H) ■ 
We want to show that 'Xc^[k,m\{(,0 — € 0- Recall that 

gc(C, «) = |f (C?, «) + if (Cg"\ «) - Tc(C, tt)f (C, a) + Uc(C, a) • 

Substitute this into (14.131) . When gdC^ a+l) is replaced with |f (Cq', tt) + |f (Cq'~^! Q^); 
we use the right reduction for k[fc,m]uc(C, «) to drop c from it. When gc(C, a + 1) is 
replaced with — Tc(C, « + l)f (C? « + !) "we use the Yang-Baxter relation after rewriting 

k[fc,m]uc(^, a)Tc(C, a + l)f (C, « + l)(^[fc,»n]) 

= Tr,,B^,+L|,,B},c(e/C)T{6,B}(e, a)r^^"^g"'^'"'^"=-'T,(C, a + l)f (C, « + l){X[k,m]) , 
= Tr,,B^b+L|b,B},c(e/C)T{b,B}(e, a)Te(C, «)r'g~'''"'""'f (C, « + l)(^[fcH) • 

Then the anticommutation relation (14.111) gives 

(4.14) 

Xe,[fc,„.](c, = {|m(++Hcg, e, «) + |m(++)(cg-^ «) - Te(c, «)m(++)(c, e, «) 

+ Uc(C,a)k(^,a+ 1) + k[fc,„]uc(^,a)uc(C,a + l)}(X[fc,m]). 
Define = (/^. We write Xc,[fc,m](C)0 m the following form. 
(4.15) X,,[,,^](C,0 = TT,,t,A,B{w^l^^^M^{aA}iC,anit,B}{^,a) 

+<t,A,B(^)T{.,B}(e, «)T{.,A}(C, «)}(C0""' • 

The term with W^ife*cAB(^) comes from the first four terms in (I4.14p . It reads 

(4-16) ■= W-'m< + qP{r')ra)M,,AAv) 

- F-}Pa,cMb,AAv)Fa,A + a^ri-'q^''^-'Ya,c,A , 
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where Ya^c,A is given by (13.71) . The only non-trivial point in this derivation is to 
understand that 

(4.17) TTa,b,A,BMb,AAm)^A{Cq, «)T{b,B}(^, a)iCqr-^ 

= TTaM,Bq~^P{v)Mb,AAv)r^^{aMC^ • 

To see that one has to use (14. 9p . The last term in (RHS) of (I4.14p gives rise to the 
second term in (14.151) where 



^^a,b,c,A,B 



In (I4.15P there are two kinds of ambiguities: first, (RHS) of (14. lip does not change 
if we add terms independent of c to Xc,[fc,m](C) ! second, (RHS) of (I4.15P does not 
change if we add terms proportional to a~ or to wj^^l ^ ^ ^{rj) . In the following 
we use = to mean equality modulo such quantities, and read it "equal to modulo 
irrelevant terms". 
Write 

(4.18) <t,^,5(r/) = (a+ + 7(r iV,,,,^,B(r?) + ^ivK N,,c,aAv)^c 
where 

Now we reverse the order of the product 5}(^, a)Ti^a,A}{Ci ct) iii (14.150 by using 
the Yang-Baxter relation (lA.6p . However, before doing that it is very convenient to 
subtract some g-exact forms in ^. Comparing (I4.16P and (14. ISp we see that the struc- 
ture of singularities is different: (I4.18P contains poles at rf = g^^ and rj'^ = 1, while 
(I4.16P contains singularities at r^^ = 1 only. The unwanted singularities in (I4.18P 
will cancel modulo irrelevant terms if we add the following term to W^i^bcAB(^)- 

KLaA^) ■= KLaAv) + KLaAv) ' 

where 

KLaA^) ■■= ^(1 - |Tr,){g-i/3(r/-i)r+a+iV„,,,^,5(r/)} + qPivK Na,,,AAvW} 

+ Iq^'^Wq-^alatat . 

This term can be added to w'f'l^^^{r]) because 

(4.19) Tr,,M,BW^it,^,5(C/0T{.,B}(e, «)T{„,a}(C, «)(C0"~' 

= ^(lTaA,BSa,c,AAC/i)TB{i. «)T{,,A}(C, a)(CO""' , 

where 

Sa,cAAv) = Y^M^'B {crlq-'''--'a% - ativ + q-'^'-^'^^B^A)) 

- ^t^t Hq-'""^ - V-')^>A - q'""'^' + + 1^')) 
+ ^t^l^liq"^""^ - r/-')a^]g'^'+2D^ . 
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The g-exact from in f l4.19p is singular (has pole at rf = 1), but it is easy to see 
that the singularity is harmless when we substitute k(^, a) in the definition of either 
c{(,a) or c{(,a), so, fl4.19p does not contribute to the commutation relations with 
c(C,a) and c(C,a). 

Now it remains to change the order of T{f,_B}(^, a) and T^a,A}{Cy'^) iii order to 
compare it with fl4.16p . Using Yang-Baxter we come to necessity to calculate 

(4.20) ^{a,A},{6,i.}(r/)-^W^it,A,B(^)%.A},{.,B}(r]) = -<t,^,B • 

The latter identity is a result of straightforward, but really hard computation. So, 

Xc,[fc,m](C,0 -5 0. 

□ 

4.3. Commutation relations for b,b and b*. We now move on to the commu- 
tation relations between operators with opposite spin, such as h*{() with h{() or 
h{(). The derivation of these relations will follow basically the same line as in the 
previous subsection. Hence we shall mainly focus on the points which need further 
elaboration. 

Recall that h{(, a) and b(^, a) are defined from the residues of the operator 

0(k)(e, «)(X[,,,]) = q~'Nia - S - l)Tn,B {^^T-^^Byi^, a)r"+'(g'''"='''X[;t,/])) • 

Here, monodromy matrices with superfix — are defined in terms of the L operators 
obtained by spin reversal, 

(4.21) L~^^^ic) = o] laac) ^] , L-^aA},^o = <yy, L{a,A}Ao ■ 

Within this subsection and in Appendix [0,[D] the original L operators will be denoted 
by L'^.^O = -^xj(C) = ^jjc^, ^}) and likewise for T+. (Warning: this sign 
convention for L"^ is opposite to the one in the previous papers [U |2] . We apologize 
the reader for making this change.) 

When dealing with T+ together with , a technical obstacle is the absence of an 
R matrix which ensures the Yang-Baxter relation to hold. This is due to the fact 
that the g-oscillator representations (S> W~ and W~ (S> are not isomorphic 
to each other. Nevertheless they have the same composition factors, and in most 
cases this is sufficient for the computation of traces. Introduce the notation 

Uab{v) =vKi + aeq^^^, Yab{v) = iVQ^ - aAaB)^^^^ . 
Under the trace, the order of the monodromy matrices can be exchanged according 
to the following rule. There exists a 4 x 4 matrix R^aA} {bB}(^) such that, for any 
matrix Xa,b,A,B{v) in H which is a polynomial in a^, UBA{v~^)y ^ba(^~^)^^ and 

(4.22) Tr,,M,B(g-'^^''^X.,M,B(r])g'^"^-T^,,s|(e,«)T+,^}(C,«)) 
= Tr,,M,i^(9'^'^"^S,m(^)"'^(^a,M,i.(r])) 
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Here r] = (/^, and cr is a linear map satisfying a{PQ) = a{P)a{Q) and 

a ((1 - riYBAir'T'^B) = Uab{v), 
cr {Uba{v~')) = (1 - v''YAB{vr')siA, 
a {Yba{v-')) = q'YABivr' ■ 

We shall refer to R^aA} {bB}(^) 'quasi R matrix'. The details about this formula 
will be presented in Appendix [Cl Lemma [0.41 along with the explicit formula flC.22p 
for the qausi R matrix. From there we quote here another useful formula (see Lemma 
EI]): 

(4.23) TT,,,,A,B{q''^''^-''-^"'''''^^aAAAv)q^^^^^^ 

xT|-,,^}(e,«)T+,^}(C,«) 

where rj and Xa,b,A,B{v) have the same meaning as above. These formulas (and 
their analogs wherein a, A are interchanged with b, B) will be frequently used in this 
subsection. 

Let us start the calculation. Our first task is to find an 'exact 2-form' relation 
between k(C,Q;) and (/)(k)(,^, a). 

Lemma 4.8. We have 

(4.24) k(C, «)[fc,z]0(k)[fc,/](e, a + 1) + 0(k)[fc,,](e, «)k[fc,/](C, a - I) 

= Acm[+y)(C, «) + A5m[,-|)(e, C, a) . 
The operators on the right hand side are given by 

m(+-)(C,e,«)(X[M) = N{a - §)TrM,B (M^5(r7)T+(C, a)T^,,^}(e, a)(X[fc,,])) r7"-^ 
where we have set rj = (/C^. 

Proof. Omitting common suffix [k, I] rewrite (14.241) as 

k(C, a)0(k)(e, a + 1) - Afm(+-)(C, ^, a) = -0(k)(e, a)k(C, a - 1) + A^ui^~+\^, (, a) 

so, that in the left hand side the monodromy matrices under the trace are ordered as 
T|"^ ^|((^, a)T^^ ^j(^, a) while in the right hand side the order is opposite. Applying 
fl4.23p to — 0(k)(^, a)k(^, a — 1) and using (14. 9 p and suitable analogs of (14.80 obtain 

(RHS) =N{a - ^)TTa,b,A,B [q-''''''Wa,t,AAv)q^''''^ib,B}i^, «)T^,,^}(C, «))^""' , 
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where 

2[r]^q'^'^b — 1) r^^g^'^b — 1 

Now apply (I4.22p . and verify that 

where = means identity up to terms proportional to a~ or . 

□ 

Unlike the previous case treated in Lemma 14.3^ the 'exact forms' appearing in 
Lemma have a simple pole on the diagonal = Indeed, their residues are 
proportional to the identity: 

Lemma 4.9. As C, ^ ^, we have 

(4.25) m[+y)(C, e, «) = V^(C/e, « + + 0(1) . 

The proof is given in Appendix C (see Lemma [C.6p . 

As noted before, the singularity on the diagonal is irrelevant to the derivation of 
the anti-commutation relations for annihilation operators. Thus Lemma 14.81 imme- 
diately implies 

Theorem 4.10. We have the anti- commutation relations for the annihilation oper- 
ators 

[c(C),b(c')]+ = o, [c(C),b(c')]+ = o, [c(C),b(C0]+ = o. 

To deduce the anti-commutators between creation and annihilation operators, 
the pole of m*^^''''' on the diagonal plays an important role. For that matter, it is 
convenient to subtract from them the singular part 



Acmf+T) (C, e, a) + A^mf-j) (C, a) (e, C, 



a] 



c(mf+y)(C, a) - ^(C/e, a + + A^{in[;+\^, (, a) - ^(C/^, a + ^ 

The terms in the right hand side are g-exact forms in the strict sense (i.e., they do 
not have singularities other than ("^ = 1). Therefore by the same arguments as in 
Lemma 14.61 we obtain 

(4.26) f[fc,;](C, a)0(k)[fc,,](e, a + 1) + W[k,iM, ")%,/]((, « - 1) 

mf+j)(C,e,«)-V^(C/e,« + S[M)- 
Theorem 4.11. The following anti- commutation relations hold. 

(4.27) [b*(C),b(C')]+ = -^(C/C',« + §), 

(4.28) [b*(c), b(c')]+ = t*{cm/c\ « + §) . 
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Proof. Assume / > m. Reasoning as in the proof of Theorem 14.71 , we obtain the 
relations 

(0(k[fc,/])(^,a)bf;-.;](C,a- 1) + b|';.;](C,a)0(k[fc,/])(^,a + 1)) {X[k,m]) 

^5 Tr,T,,[„+i,,](C)X;[,,„](C,0 mod (C' - 1)'-™, 
X,lkM^C^ = {0(k)[fc,m]uc(^, tt)gc(C, a - 1) + gc(C, ")0(k)(^, a + l)}{Xik,m]) ■ 
From the relation (g^SD we find that X;[,„](C,0 = Xj'^jlCO + X^^^jlCO 
<:?Ih(C,0 = im(+-)(Cg,e,«) + im(+-)(Cg-\e,«) 

- Tc(C, a)m(+")(C, ^, a) + u^C, a)0(k)(^, a + 1) + k[fc,m]uc(^, a)uc(C, a - 1) 

and 

^1Sh(C, = -l^iCq/^, a + §) - |^(Cg- Ve, « + S) + T,(C, «)^(c/e, « + §) . 

From the residues of the last term, the right hand sides of the anti-commutation 
relations IKT7} . fOSD arise: 

res52=iX;5^](C,0^(CVe,-"-S)^ = T,(C,a)^(C/C',« + S), 



(res«2=,2 +res^2=g-2) X^"^5^j(C,0 



X (^(gCV^, -«-§)+ ^{q~'C/^, - s)) ^ = -|^(C/C', « + s) . 

Hence the proof is reduced to showing that XJ|'|^](C, —5 0- We now sketch this 
calculation. 

Define rj = (/^. We have: 

+ W'^aLABm~{b,B}i^^ ")T|,,^}(C, a)g-^r/"-^-iiV(a - § - 1)) 

with 

where we have used f l4.23p to shift the argument of N{a — S + 1) in the term with 
Uc0(k). Let us use = for calculations modulo terms proportional to a~ , . For 
W^^"* we have 

As was done in the previous section, it is simpler first to modify M/^VcAbI'?) an 
exact form, introducing 
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where 

We have the exact form: 

'(4) r^/c\^'- (c ^,\np+ I/- 

where 



(4.29) ^a,M,BW^'ll.,A,B(C/OT|,,^}(e, ")TJ,,^}(C, 



Noting that 



y a,b,c,A,BH 



consists of right admissible quantities (for the definition, see the end of Subsection 
IC.2l and the paragraph after Corollary 10.3^ . we can change the order of monodromy 
matrices by applying the quasi i?-matrix. After a straightforward, albeit extremely 
lengthy, calculation we get: 

RVu^,B,i^y"^{<i''''^^^^^^^^^^ 

- -g-^^-^^^^->^A,B(r/)g--^^^-lV'il,^,^(r^)g-^^- , 

Now, shifting as usual the argument A^(a — S — 1) we finish the proof of the theorem. 

□ 



4.4. Commutation relations of t* with b*, c*. In this paper we shall not prove 
all the commutation relations between the creation operators, a weak variant of 
these relations is sufficient for our goals as it will be discussed later. However, we 
give the proof of commutativity of t* and b* because it is important from general 
point of view. For the lack of space we consider the homogeneous case only. 

Theorem 4.12. The following commutation relation holds in the homogeneous case: 

(4.30) b*(Ot*(C)=t*(c)b*(0 

Proof. Consider the formula (14. ip . We used it for the commutation with annihilation 
operators, for that reason we dropped g-exact forms in ^. Written in full in the case 
Yc^kM = Tc,[fe,m](C,tt + l)(^[fc,m]) it looks as follows: 

(4.31) k[,,z](e,«)t*(C,« + l)(X[,,^]) 

= tf,,,](C,a) (k[fcH(e,a) + A^^,[k,l]{^,a)) {X^kM)) mod (C' - 1)'""^. 
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Using the definition of h*{(, a) we obtain: 

b[fc,/](^, a)t[fe,i](C, a + l){X[k,m]) 

= {i[k,i]{^(l, «) + f[fc,«](^g~\ tt) - Oi)i[k,i]{t a)) t[fc,«](C, « + l)(^[fc,m]) 

= t[fc,«](C,a)(f[fc,m](^g,a) + i[k,m]{^q~\ a) - t*;. ;](^, a) 
+ V[fc,«](^g, a) + V[fc,/](^g~\ a) - t^f^^i^i^, a)v[k,i]i^, . 

From tlie proof of Proposition 13.71 (see Appendix [B| (IB.ip and (1B.6P ) one extracts 

(v[fc,i](^g,«) + V[fc,/](^g-\a) - t[;-. ;](^,a)v[fc,,](^,a))(X[fc,^]) 

= Trc TcJm+l,/](OUc,[fc,m](^, «)(-^[A:,m]) • 

Now the statement of the Theorem follows from the reduction relation (13.61) . □ 

4.5. Commutation relations for inhomogeneous case. Now let us consider the 
inhomogeneous case. Analyzing the proofs given in this section we realize that they 
consist of two parts. First the interval [k, I] is reduced to [k, m] by using Lemma 
14.11 then the proofs consist of algebraic manipulations with operators on this, small, 
interval. So, if we find a direct analog of Lemma H?T] in the inhomogeneous case, the 
rest is simple. This analog is 

Lemma 4.13. In the inhomogeneous case we have for I < j < m: 

k[fc,/](^,a)TrcTcJm+i,;](^j)(Y'c,[fc,m]) —5 T^T^c'^c,[m+l,l]{^j)^[k,m\Uc{^,Oi)(Y[k,m\,c) , 

where the inhomogeneity parameter associated with c is C,j ■ 

Since the proof is simple, we leave it to the reader. Using the above Lemma 
we easily repeat the proof of Theorem 14.71 Theorem I4.1H Theorem 14.121 in the 
inhomogeneous case, deducing that 

Theorem 4.14. In the inhomogeneous case the following commutation relations 
hold on (W)(_oo,n-i]- 

[c(C),t*(a)] = o, [c(c),t*(a)] = o, 
[c(c),b*(U]+ = o, [c(C),b*(a)]+ = o, 
[b(c),b*(U]+ = -^(WC,« + S), 

(4.32) [b(C), b*(a)]+ = t*(a)^(en/c, « + §) . 

In addition we have 

(4.33) [t*{Q,h*{Q] = 0, [t*{Q,c*{Q] = 0, 
for p > n, q > n, p ^ q. 
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5. Vacuum expectation values 

We are now in a position to discuss the construction of a fermionic basis of quasi- 
local operators, and calculate the vacuum expectation values (VEV). First we con- 
struct the basis in the inhomogeneous case, and prove its completeness. In Sub- 
section 15.41 we give the construction in the case of the infinite homogeneous chain. 
While the completeness is still conjectural for the homogeneous case, the VEV's of 
the base vectors are given by a determinant as in the inhomogeneous case. 

5.1. Fermionic basis. Let us consider the inhomogeneous chain. We want to con- 
struct a basis of the subspace CW("))[i^oo) using the operators b*(^fc), c*{^k), ^*{^k)- 
Starting from the primary field q'^°'^^^\ define inductively the quasi-local operators 

- ,en;a) labeled by A,- G {+,-,0,0}: 

r b*(e„)X^i'-'^"-(ei,---,en-i;«) (A„ = +), 

;^A„...,A„., ..^V-J (A„ = -), 

^-"l it*(a)x^-'^"-(6,...,en-i;«) (A„ = 0), 

[ X^^'-'^"-(ei,...,en-i;«) (An = 0). 

This operator has spin determined by the rule fl2.17p . We have 
Lemma 5.1. For generic values 0/^1,^2 ■ ■ ■ , the set 

span (W("))[i,oo)- 

Proof. Since for any n there are as many X'^^''"''^"(^i, ■ ■ ■ ,^„; a) as dim(('W'^"))[i^„]) , 
it suffices to prove their linear independence. Let Y±,Yij,,Yq E {'y^^°'^)[i,n-i], and 
suppose we have a linear relation 

+ t*(a)(lo) + b*(en)(r+) + c*(a)(ll) = 0. 

Apply b(C) or c{Q to both sides and take the residue at = C,n- Then from the 
commutation relations (14.321) we find that Y± = 0. Furthermore, in the limit — >^ 00 
we have 

Comparing the n-th tensor component we find 10 = 10 = 0. The assertion follows 
from these by induction. □ 

5.2. K-trace. In this subsection, we prepare a Lemma which will be used to calculate 
the weighted traces of fermionic basis elements. 

Introducing a new parameter k, we set 

. _ tr[fc,,](g-^[^.'iX[,,,]) 

Note that if i,j G [A;, /], 

(5.2) trf,^,]M,,(C)(X[fc,,])=trf,^,](X[,,,]). 



2 
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We shall use this property in the form 

(5-3) trff,^^Tc,lkfiUl)(yik,mlc) = ^^[k,l](Xlk,mll) ' 

where k < m < I and y[A,.,m],c ^ M[k,m] ® ^c- 
Now set 

(5.4) u;o{C,a) = -(^^^^ A^^{C,a) 

The following formulas will be used in the next subsection. 
Lemma 5.2. Assume that k < m < I. Then we have 

(5.5) trf,,,]tf,,,](6, «)(X[,h) = 2 ^°^^^J/ trf,^^](X[feH) , 

(5.6) trf,,]b[.,](6,«)(X[,H) = ([^ ■ [^)' 

^ ^ 9 ^o(^//^,tt)trffc,m]C[fc,m](^,«)(^[fc 

i/ere the contour T encircles while keeping q^'^C.j {j € [fc, wi]) and q^'^^f outside. 

Proof. Formula (15. 5p follows from (15.31) . Let us consider (15.61) . In the rest of the 
proof we set J = [k, m] and K = [m + 1,1]. We may restrict to the case when the 
spin of Xj is s = —1, since otherwise the trace is zero. 
Substituting ( = C,i in (13. 6p and using (15.31) . we obtain 

where 

HAC) = UqC «) + f (g-^C, «) - 2 ^°^C° f (C> «) - ^ k(c, «)) (X,) . 

The second equality follows after taking the trace over the space /. Hence, with the 
notation 

^j^O={jTr) ^ jf^c^(C/e,«)H,^]C[.H(e,«)(^^H)^, 

the proof is reduced to showing the identity 

(5.7) tr-j{Hj{O + H'j{O) = 0. 

The left hand side of (15.71) has the form (^"F(C^) with some rational function 
F(^^) (we recall that Xj has spin —1). By Lemma [3781 Hj{() is regular at ("^ = 
and from the definition Hj{0 is also regular there. 

Let us calculate the residues of (15.71) at = q'^^^j. From the i?-matrix symmetry, 
Lemma 12.21 and the relations g''/^tr'^(cr^x) = g~'^/^tr''(xcr^) = tr(cr^x), the two 
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residues tr}kj(C, a)(Xj) at C = OT^ij and qij{i G J) are proportional to each 
other. From this fact and the definition of fj(C, and Cj((^, a), we obtain 

res,=,,,r"tr5f,(e,a)(X,)^ = 
(5.8) res,=,±.,^r"tr}k,(e,a)(X,)^ = y^^^' 



where 



C,= resr°tr5c,(e,«)ra^. 



Combining these we conclude that -F(C^) is regular at = Q^'^C,]- Clearly it is also 
regular at = and oo. Hence F must be a constant. The value at oo can be 
calculated using 

lim r"tr}kj(C,a)(Xj) = 0, 



lim C"°tr"fj(C,a)(Xj) = — — ^ V C 



It follows that F{oo) = and hence -F(C^) = 0. This completes the proof. 



= U. ± lilS CUllipieLtib LlitJ piuui. 

□ 



Remark 5.3. For the purpose of calculating the VEV of quasi-local operators q'^'^^^^^O, 
we will need only the case k = a (see the next subsection). However Lemma \5T^ 
holds for all k, and in particular, for the ordinary trace we have 

trMb[fc,z]to'«)(^[fcH) = 0- 

5.3. Determinant formula for expectation values. The weighted trace tr" is 
a well defined linear map on W^. According to the main formula of [1], the VEV of 
a quasi-local operator q'^°'^^^^0 is expressed as follows. 

(5 9) (vac|g^-^(°)Q|vac) _ ,,^sm Q^ 

(vac|g2"5(o)|vac) " V 

Here O is an operator on W given by 



O = jj a;(Ci/C2, a + §)b(Ci)c(C2)^ 

r r 



The scalar function uj{C,, a) consists of two pieces, 

(5.10) u{C, a) = u;trans(C, ") - ^ ^^o(C, «) • 

(1 -g") 
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The elementary piece u!o{(,a) is defined by (15.41) . and the transcendental piece 
t^trans(C,") IS given by 

ioo 

f , sin ^ (m — z/(m + a)) 

J sm 2 M COS — [u + a) 

—ioo 

ioo ioo— joo+0 

where P J means the principal value (1/2) ( J + J ). 

—ioo — ioo— — ioo+0 

Consider the operator 



2 /•2 
S2 



(5.11) (^ ^y"^o(Cl/C2,« + §)b(Cl)c(C2)^ 

r r 

and define the linear functional v"" by 

v"(-) = tr"(e"°(-)). 

From the commutation relations (I4.32p and Lemma |5.2[ for X E (W(°))[i „_i] we 
find 

v<^(t*(e„)(X)) = v"(X), v-(b*(e„)(X)) = v"(c*(a)(X)) = 0. 

Thus the functional plays a role of the dual vacuum. 

Now let us calculate the expectation value of an element of the fermionic basis 
X^^'"' '■^"{^i, ■ ■ ■ ,^n', «)• Since commutes with fio, we have 

tr" (e"(x^--'^"(ei, ■ ■ ■ ,en; «))) = (e"-"«(x^^'-'^"(ei, ■ ■ ■ «))) . 

Together with (15.121) it gives immediately: 

Theorem 5.4. The vacuum expectation value of X^^'"' '^"{^i, ■ ■ ■ ,^n] a) is unless 
it has spin 0. In the latter case it is given by the determinant 

(vac|X^i'-'^"(^i,- ■• ,^„;a)|vac) / \ 

(vac I g"'""'^ I vac) V pi / \<v,q<m 

Here the indices i^ are defined by 

{t\X, = ±} = ■ ■ ■ , (^^ < ■ ■ ■ < i^). 

Remark 5.5. The VEV in the massive regime < g < 1 is also given by the formula 
(I5.12p . where the transcendental part uo^-^^^^ in the definition of uo is replaced by 



u^^UC, a) = 2C 1 - (c + C-^) E(-i)"(fr^ + 

\ n>l ^ ^ 

The other parts are the same as in the massless regime 



g2n^2 ' 1 _ g2ni^-2 

n>i - y s y s 
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5.4. The homogeneous case. The calculation of VEV carries over to the homo- 
geneous chain as well, on the basis of the following analog of Lemma 15.21 We shall 
restrict to the case of k = a. 

Lemma 5.6. We have 

(5.13) tr"t*(C)(X) = 2tr"(X), 

(5.14) tr"b*(C)(X) = ^^^o(C/e,«)tr°c(0(X)^, 
where X G W„ m flSTTSD . and X e W„+i zn fl57[4D . 

Proof. Let Y[k,m],c G ^[fc,m] ® and k < m < I. Using Lemma [3. II and noting that 

trffc,,](r,,(-)) = it,je[kj]), 
we obtain modulo (C^ — 1)'"" 

t'^[fc,«]1'c,[fc,«](C)('^[A:,m],c) = iT^[k,l]C^"'^^^m+l,[k,7n]iC)0^[k,m],7n+l) 

= tj'[fe,m+l]('^[fc,m]-»"+l) ■ 

Hence if X = q'^°'^^^~^'^X[k,m] then we have 

itr"t*(C,a)(X) = hm trf,^,]iTr,T,,[,,,](C)(g"-^'X[,H) = trf,^^](X[,,„]), 

proving (15.131) . Similarly, by the reduction relation (13. 6p . (I5.14p is reduced to the 
identity (15.71) , which has been proved in Lemma 15. 2[ □ 

Now let us introduce generating functions of quasi-local operators. Let e = 
(ei,...,e„) be a sequence in {0,+,—}'^. (Notice that is not allowed.) We de- 
fine X'^((i, . . . , (n] en) from the primary field g^^-^C^) inductively by 

r b*(Cn)X^^'--^"-HCl,---,Cn-i;«) (en = +), 

X^^'-'-(Ci,...,C„;a) := <^ c*(C„)(-i)"x^i'-'^"-i(Ci,...,Cn-i;«) = 

[ ir(C„)X^^'-'^"-(Ci,...,Cn-i;a) (en = 0). 

Even though the notations are similar, this object is different from the fermionic 
basis X'^^' ' '^"(^i, . . . a) considered in the inhomogeneous case. The former is a 
power series in the variables (C| — 1), each coefficient being a quasi-local operator 
in W("). 

Now define the operator Qq by (15. lip . From the canonical commutation rela- 
tions given by Theorem 14.71 Theorem 14.111 and Lemma [5.6[ the functional v"(-) := 
tr" (e^°(-)) plays a role of the dual vacuum as in the inhomogeneous case. Then a 
calculation similar to the one in Subsection 15.31 leads us to the following determinant 
formula for the vacuum expectation values: 

Theorem 5.7. The vacuum expectation value of X'^^'"' ''^"{d, ■ ■ ■ , Cn! ct) is unless 
it has spin 0. In the latter case it is given by the determinant 

(r:,r:\ (vac|X^(Ci, ...,(»;«) |vac) / \ 

(5.15) -. 1 ^ ^ = det [uj - uJo){C+/C-,a) 

^ ' (vac (72aS(o) vac) u/vm^/s^, , ' ) x<vM<m 
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Here the indices i^ are defined as in Theorem \5.4 



In spite of different meaning of the operators in the left hand sides, the formulae 
fl5.12p and flS.lSp look identical. Why is it so? The formulae (15.151) must be under- 
stood as generating function of VEV for quasi-local operators created by b*, c*, t* 
(the latter operators do not change VEV). The formula (15.151) gives for such quasi- 
local operators determinants composed of Taylor coefficients of function u — ujo- On 
the other hand consider (I5.12p . In order to take the homogeneous limit one has to 
construct suitable linear combinations of X(^; a)'s, often with singular coefficients, 
and then send — > 1. We could give examples, but for the lack of space we leave it 
for a future publication. The result will be again determinants composed of Taylor 
coefficients of uj — ujq. Establishing exact correspondence between operators in ho- 
mogeneous and inhomogenious cases is related to the problem of completeness for 
the former case, again, it is left for a future publication. 



Appendix A. Representations of f/qb+ and L operators 

In this appendix, we collect several facts about quantum affine algebras and L 
operators used in the text. 

A.l. Quantum algebras. Consider the quantum affine algebra Ug{sl2) with Cheval- 
ley generators Cj, fi,ti = q^^ {i = 0, 1) and g*^, equipped with the coproduct A 

Aid) = ® 1 + ® Ci, A(/i) = /, ® tri + 1 ® /i, A{q'') =q^®q^ {h = hi, d). 

We shall follow closely the notational convention in 0. However, in this paper we 
denote the antipode by S: 

^(e,) = -trie,, ^(/,) = -/A, S{q'') = q~'' {h = h„ d). 

(We use S only in this appendix; it is not to be confused with the total spin.) We 
denote by ?7^(s[2) the subalgebra generated by Cj, /j, ti {i = 0, 1), and by Uqh^ (resp. 
Uqh~) the Borel subalgebra generated by ei,ti (resp. /i,tj) {i = 0, 1). 

Let further E,F,q^ be the standard generators of Uq{sl2). For ( E , the 
evaluation homomorphism ef^ : f/q(s[2) — ^ Uq{5l2) is defined by 

A representation zu : Uq{sl2) — > End(iy) gives rise to the evaluation representation 
ZU(; = zu o eV(^ : U'g{sl2) — > End(W^). We write the latter also as VF^. Of frequent use 
is the case of two-dimensional representation {zu, W) = {it^^\ V), V = C"^, with 
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A. 2. g-oscillator representations. The g-oscillator algebra Osc is an associative 
C(g°')-algebra with generators a, a*, and defining relations 

D -D -1 D * -D * 

g ag = g a, q a q = g a , 

* 1 2D+2 * 1 2D 

a a = 1 — g , a a = 1 — g . 

Representations of Osc relevant to us are : Osc —>■ End{W^) defined by 

(A.l) W+ = (Bk>o<C\k), W' = (Bk<o<C\k), 

q^'lk) = q'\k), a|fc) = (1 - q^'^)\k - 1), a*|A;) = (1 - + 1) • 

We shall use the trace functional Tr(g^°'^-) : Osc — C(g°) given as follows. For 
each X G Osc and y & C, the ordinary trace ±TYiY±{y^x) on VT^ is well-defined 
for sufficiently small \y\^^, and gives the same rational function gx{y) in y. By 
definition, Tr(g^"'^x) means gx{<f''^) ^ C(g°). Notice that Tr(g^"^-) is a purely 
algebraic operation characterized as the unique linear map with the properties 

Tr(g2°^Xy ) = Tr (g2°^g2-'^(^)FX) (X, F G Osc, g^Xg"^ = g'^^^^X) , 

rp^/ 2aD mDN _ (m G Z). 

There is a homomorphism of algebras : Uqh^ ^ Osc given by 

oc(eo) = ^-Ya, o^{e{) = ^—a\ o^(to) = g"'^, o^(ti) = g'"" • 
q — q Q ~ Q 

We define representations : f/gb+ — End(W^^) by 

= o o^, = O o L , 

where l denotes the involution Cj ei_j, — > of Uqb^ . 

A. 3. L operators. In the main text, we make use of L operators associated with 
the auxiliary space Va or W^, and the quantum space Vj. They are given as images 
of the universal R matrix of Uq{sl2), 

31 = q-(hi(^h-i/2+c®d+d®c) 

^ = 1 - (g - g-1) ^ ® /i + ■ ■ • G Uy ® Ugb- . 
i=0,l 

Set Ji' := ^ ■ gC(gid+rf(gic Pi-om the standard product formula for the universal R 
matrix [6j we obtain 

(7rc®7r^)D^' = p(C/0-^;-(C/0, 

(o^®7r^)3l' = a(C/e)-^^>(C/0, 
Here L°j (C), ^Aj^(C) = ^Aj(C) are given by ([23!), W in the text and 

L^,-(C)=ajL^,.(C)a). 
The scalar factors p{C), cr{C) are formal power series in ("^ subject to the relations 

(A.2) PiO = q-'^'^K^ , -(CMg-^O- ^ 
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Their explicit formulas will not be used in this paper. 



A. 4. R matrix for PVj W^. For generic (i, C2, the tensor product W^^ (S> is 
irreducible, and is isomorphic to the tensor product in the opposite order. As in the 
main text, let us use A (resp. B) to label the first (resp. second) tensor component. 
An R matrix intertwining the L operators 

RaACi/C2)LaACi)LbAC2) = LbAC2)LaACi)RaACi/C2) 

can be written as 

(A.3) RaAO = Pa,bKC. UA,B)C''^■"''^ 

where we have set ua,b = ^^^'^^''^aB, and h{C,u) is the unique formal power series 
in u satisfying 



(A.4) 
(A.5) 



{l + Cu)hiC,u) = il+C'u)hiC,q'u), 
h{C, u) = il + C'u) (1 + q~\u)hiq"\, u) 



and /i(C,0) = 1. 

The R matrix intertwining the fused L operators 

R{a,A},{b,B} (Cl/ C2)L{A,a},j {Cl)L{B,b},j (C2) = L{B,b}J {C2)L{A,a},j {Cl)R{a,A},{b,B} (Cl/ C2) 

is composed of flA.3l) and the L operators as @ 

R{a,A},{b,B}{C) = {Fa^AFb,By^L]^ ai('^y^Ra,b{ORA,B{C)L^^biOPa,AFb,B ■ 

We have the Yang-Baxter relation with the monodromy matrices with twist. 



(A.6) 



R{a,A},{b,B}iCl/C2)^{A,a}{Cl, ")T{B,6}(C2, ") 

= T{B,fe}(C2,a)T{A,a}(Cl,")-R{a,A},{6,B}(Cl/C2) • 



Taking the standard basis v+,V- of V = C"^, we regard it as a 4 x 4 matrix with 
respect to the basis f+ (8> f+, f+ ® f- ® f+, f- ® v_ of Va H, and set 



(A.7) 



R{a,A},{b,B}{0 



/Ru \ 

R21 R22 

-R3I i?33 

yi?4l i?42 -R43 -R44/ 



^This matrix is not the same as a similar matrix given in (A. 2), [2]. 
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The entries are given as follows. 

R22 = -^^^g-^■^i^A,B(g'C)g"''^ 



^33 = -C(g"'C - qOq^'-'RAAQ^'Oq'''', ^43 = -Ci^A.^lg-'Oa^g 
i?44 = g"''^i?AB(C)g''^ 



1 _ gi^i 



Appendix B. Proof of Lemma 13.71 

In this section we denote J = [k,m] and K = [m + 1,1]. We decompose the left 
hand side of (13.61) as 

b}^^(C, aKXj) = b*(C, a){Xj) + 1 + 11 + 111 + IV, 

where 

/ = {ijuK{qC,a)-i{qC,a)){Xj), 
II = {ijuKiq'\,a)-i{q-\,a))iXj), 

III = -t}u^(C,«)(fjui.(C,«)-f(C,«))(^j), 

IV = (t}^^(C,«)-t*(C,«))f(C,«)ra. 

Note that 

Tr, {T,,;,(C) (gc(C, «) - u.(C, «)) (Xj)} = b*(C, a){Xj) + IV. 
We want to show that 

(B.l) Tr, {T,,^(C)u,(C, a){Xj)} = 1 + 11 + III. 

The main part of the proof is computing ///. Set 

XiaAhJ = T{„,A}(c,«)r-'(g~'''"^j)- 
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Separating the K part from the J part, we have 

a, A], J I ; 

ZaA,K = F-\Ta,K{q~\)CA,K{0<l'''Fa,AT{a,A}AQO~' 

. 1 ) [cK{q~'0 dKiq-K))^^'''^^^'^ V 1 ; 



X 



1 0\ fq^'^'TAMl'O'' 

-q-'^'TAMCyCAAlO V V q~''<TA,K{0-' 



We use several identities. 
Fusion relation: 

mox A aA\ faKiC) bK{0\rr. />x A -aA\ 

V CaAO TAArW'^J' 

or equivalently, 

V CaAO TA,K{q-'Oq'V V 1 7 ' 

Crossing symmetry: 

-CK{q-'0 aK{q'K) ) \ck{0 dK{0 J [o 1 
We define x%{C),x^{C) by 

.cx(g-^C) rfxlg-^Oy* V-Ci^(0 «x(C) 

= 1 + x%{Oa' + x+ (C)a+ + x^(C)a-. 



(B.4) 



(B.5) 



{Za,A,K)i,2- From the (2,1) element in flB.2l) we obtain Ca,x(C) = ck{OTa,k{0- 
Using this we obtain 

{Za,A,K)l,2 = -{aK{q-\) + SiACK{q'\))cK{OTA,K{O^ATA,K{Cr^ 

+ {bK{q-'0 + SiAdK{q-\))cK{0- 

From the (2, 1) element in ( 1B.4I) we obtain aK{q~^C)cK{C) = CKiq^^OdKiC)- From 
the (1,2) element in (1B.2P we obtain 

(ax(C) + aACx(C)) T^,i^(C)aATA,x(C)"' = bxiC) + aAC^x(C)- 
Using these equalities we have 

{Za,A,KK2 = bK{q-'C)cK{C) - CK{q-'C)bK{C) + {dK{q-'C)cK{C) - c;,(g-iC)c^x(C)) 



GRASSMANN STRUCTURE IN XXZ MODEL 49 

iZa,A,K)2,2- The calculation is similar, but we use the (2,2) element in ( IB. 21) . We 
obtain 

iZa,A,K)i,i- Reducing a part of the computation to that for {Za,A,K)i,2, we obtain 

{Za,A,K)l,l = {aK{q-'0 + SLACKiq-'O) CA,K{Oq^'''TA,K{q\Y^ 

The (2, 1) element of fIB.SP can be rewritten as 

K(g-'C) + s.ACK{q-\)) CaAO = CKiq-'OTAAqOq''"- 

Multiply {cK{q~^C)^dK{q^^C)) from the left to ( IB. 31) with C replaced by q(. Use 
(IB.Sp and take the first component. The result is 

CK{q-'C)TAAqC) = x-AC) {TAMq'Oq^'" - ^ACAMqC)) + (i - xUC))CAAqC)- 

Combining all these we obtain 

{Za,A,KKi = x-^c) + CAMqOq'^TAAq'cr'- 

Now the proof is easy. Recall that X{a,A},j is lower triangular. If we substitute 

m c\ y _ ( XxiO ~x'k{C) " ^AXi^{C)\ 

[H.b) ^a,A,K - { ^ X^(C) ] + ^aA,K, 



D. 



a,A,K 



CAAqOq'''TA.K{qKy' o 

CAAq~K)q'''TA,K{cr' 



we obtain III. The second diagonal term cancels with / + II. The last trick is 
introducing another auxiliary space in order to write the formula without using O^- 
In fact, we have 

Tr, {T,,;,(C)u,(C, a){Xj)] = Tr^,,,,^x(l + 4(0^^' + 4(0^+ + x'^Oa-) 

X (-^^c^^ + "^t^l - aafT+)^ X{a,A},J 

= TTA,aOK {xk{0(^1 - {Xk{0 + ^AXK{0)(^a) ^{a,A},J- 

The proof is over. 

Appendix C. Bazhanov-Lukyanov-Zamolodchikov construction 

As has been mentioned in the main text, there is no i?-matrix which intertwines 
the tensor products W^®W^^ and W^^<^W^. In order to calculate the commutation 
relations between operators such as b and b*, it is necessary to find some substi- 
tute for the i?-matrix. In this appendix we explain that the Bazhanov-Lukyanov- 
Zamolodchikov (BLZ) construction [3] offers a way to do that. We shall use the 
notation (I4.2ip for the L operators ■. 
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C.l. Shifted Verma modules. The key point of the BLZ construction is to relate 
the tensor products 14^=^(8)14^"^ with Verma modules of Uq{sl2)- Let zu^^^ : Uq{sl2) 
End(l/(A)) be the lowest weight Verma representation with lowest weight A, and 

let w^^^ — w^^^ o ev(^ be the evaluation representation. Up to a scalar multiple, the 
corresponding L-operator {w^^^ (8) t:^^^)'X is given by 



(C.l) L(77) - (^_^^ _ ^ _ J q 

where 77 = C/C- Where necessary, we use the letter i> as a label for the Verma 
module. As usual the monodromy matrix is defined by 

Tv\k,i]{C) = L^AC/ii) ■ ■ ■ Lv,k{C/^k)- 

For our purposes it is convenient to twist wif^^ by the automorphism of Uqb~^, 

7m(eo) = eo, 7m(ei) = ei, 7^(to) = ?""^o, 7m(^i) = q"'^ , 

where m G C is a parameter. We call wif^m = ^if^^ °'ym '■ Uqb^ ^ End(V"(A)) shifted 
Verma representation, and denote it by V^^^(A). In an appropriate basis {vj}j>o, 
the generators act on V^j^^(A) by 

(C.2) {q - q-'reov, = n\-^+\q^~''-' - l)(g^+^ - l)v,^^, e,Vj = Vj^„ 
(C.3) toVj = q-^-'^Vj, hVj = q^+'^Vj , 

where q^vj = q^^'^^vj and V-i = 0. The shift parameter m enters the corresponding 
L operator simply via 

{^itl®4^)^'= (scalar) ■ L,,{r,)q-^'^'/'. 



C.2. Filtrations of the tensor product W^^W^. Let us introduce the following 
elements of Osc®^ which will play a role in the sequel. 

(C.4) UA,BiC) = C<i + ^Bq'''\ 

(C.5) F^,B(C) = Ca^j + a^g2DB^ 

(C.6) Y^^siO = iCq' - a^as)?'^- , 

(C.7) Z^,5(C) = C-^g^^-+^ - a:,a^g-2^- . 
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These operators appear as matrix elements of products of L-operators, 
(C.8) 

^a^(Ci)^b"(C2) 

'1 - U2YAAO -Cl(l - C\-^Za,b{0)^A - c{CiX2)VaA0\ qHDA-D,W ^ 



<2UaA0 I-C1C2ZAAO 

(C.9) 

Lb'{C2)L\^{Ci) 

1 - U2Zba{C^) -ClUB,AiC') 



{Db-Da)<t 



3 



-C2(i - Cq'^ZbAOW - c(C2, Ci)Vba{C-') 1 - CiC2Yba{C') J ^ 

Here we have set ( = C1/C2, and c(Ci, C2) = Cf^Cl (1 " Ci9^)- 
Let us hst the commutation relations that are relevant to us. 

• Ua,b, Ya,b^ Za,b, ^a among themselves: 

YaAOUaAO = q^UaAOYaAC) , 
ZaAOUaAO = q-^UaAOZaAO , 
(C.IO) s^aUaAO - q'UaAO^a = C(i - g'), 

YaAO^a = q-'siAYAAO 

ZaAO^a = qWZaAO + - q^)C'VAAO , 
YaAQZaAO = (f- CYUaAOVaAO , 
ZaAOYaAO = (f- CVUaAOVaAO ■ 

• Ua,b, Ya,b, Za,b, ^a, ^b with Va,b- 

(C.ll) [VaAC),X] = for X = UaA(),YaAC),ZaAO,^a, 

VaAO^b - q-^SiBVAAO = C(i - g"') • 

• Ua,b, Ya,b, Za,b, ^a with a^: 

(C.12) [UaAC),^b] = [YaAO,^b] = [^a,^b] = 0, 

z^AO^B = ^bZaAC) + C-'(i - q'WAAOq'^'''-''^^ ■ 

The following result can be extracted from |3|. 
Lemma C.l. Set 

(C.13) C = 7^, g^ = gC. 

The tensor product has an increasing filtration by Uqb^ -suhmodules 

(C.14) {0} = w^i"'^ c lyf^ c i^i'^ c ■ ■ ■ c wt'^ c ■ ■ ■ c ® vr^; , 

00 

U = K ® ^c^' 
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such that each subquotient is isomorphic to a shifted Verma module 

(C.15) iL:Wt^/wt-'^^V^^^,^{K). 

The tensor product W^^ (8> in the opposite order has a decreasing filtration by 
Uqb~^ -submodules 

(C.16) W^^ ® W+ = Wl[^^ D W^^^ D ■ ■ ■ D W^^^ D • • • , 

oo 

i=-i 

such that each subquotient is isomorphic to a shifted Verma module 

(C.17) in : W^-'^/wt^ ^ V^^^,^{K) . 

Proof. The vector space ® W~ has the following basis 

e,,p = UaACY^I |o) ® I - 1) Up e z>o) . 

Let W^l^^ denote the linear span of Cj^p with j > and p < m. Introduce the 
operator H by q^Cj^m = C'f''^^^^j,m- A direct calculation using (lC.10p - (]C.12p shows 
that (with -k denoting an irrelevant constant) 

UA,B{C)^j,m = ^j + l,m ; 
YA,BiC)^j,m — Q ^ 

ZA,BiC)^j,m = q ^^^Gj,m + * Gj+i^m-l , 

(1 - C\'^ZAAO)^Aej,m = C\Cq''''' - i)(Cg''+' - l)e,-i,™ + * e,,^_i , 

VA,B{()ej,m = * Cj^m-l 
2{Da-Db)p . _ A-1 H+2m+l . 

In view of the relations 

(g - g-^)A(eo) = Ci(l - q'^-'ZAAOW + Cr'C2K4,B(C), 

(g-g-i)A(ei) = C2f/A,B(C), 
A(to)-'=A(ti) = g2(A4^^B)^ 

we see that Vr^™^ are t/gb^-submodules. Comparing these with (lC.2p . (]C.3p we 
obtain the first statement of Lemma. 

Similarly, for ® W^"!" we introduce a basis 

= ((1 - c,q~^ZBAC'))^BY VBACy\ -I)® |o) . 
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Let be the linear span of fj^p with j > and p > m. Setting fj^m = 

C?^^"^Vj,m, we have 

(C.18) (1 - Cq-^ZsAC')) ^Bfj,m = f,+l,m , 

ZbAC ^)fj,'m = Q^^^ fj,m, + */j-l,m+l , 

YbAC ^)fj,m = q ^^^fj,m, 

VbAC ^)fj,m = fj,m+l , 
^2{Da-Db) f _ /--I „//+2m+l f 

The second statement follows from these. □ 

Let us say that an operator X^(C) e End(iy+ ® W') (resp. X^(C) G End(W^- ® 
W^)) is left (resp. right) admissible if it preserves the filtration flC.14p (resp. 
flC.161) ). The operators 

UaAO^ VaAO^ YaAO^ ZaAO^ ^a, 

are left admissible, and 

UBAiC), VbAC), YbAC), ZbAC), as, g^^^-"^-) 

are right admissible. By the isomorphisms (]C.15|) . (]C.17p . we have the correspon- 
dence of operators on each subquotient, 



O L, 



where X^{Q, X^{Q and X{Q are related to each other via the following table [H 

Table 1. Correspondence of operators: W^^^W^^ (left), V^c(A) (mid- 
dle), W^^^W^^ (right) 





X 


X^ 


VaAO 





-k 


-k 





VBAiC) 


YaAO 




ZbAC) 


ZaAO 




YB,AiC') 


veil - c-'q-'ZAAO)^A 


{q~q-')F 


VCUbAC) 


VC^'UaAO 


{q-q-')E 


VC'\i-Cq-'ZBAC'))^B 



C.3. Exchange relations under the trace. Lemma TC II has two corollaries which 
are important to us. We shall omit writing the intervals [k,l]. 

Corollary C.2. //X^(C) is left admissible, then 

N{a - S)Tta,b {X^(C) n(Ci, «)T^(C2, «)} C""' 
(C.19) = -Trv^(A) |X(C) T,(v^,a)} 

= N{a - S)Tta,b {X«(C) Tb(C2, «)T+(Ci, a)} . 
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The operators X(C), X^(C) are obtained from X^(C) via the table ([H). 

Proof. Comparing (1C.8|) . (]C.9[) with (IC.ip . we have the relations on each subquotient 

K/crc2,2m(^) 

o T+(Ci, «)T^(C2, «) o = T„( a)C-"+^g("-^)(2-+i) , 

Taking traces and summing geometric series over m, we obtain the desired rela- 
tions. The minus sign enters because Tr^ = — Tr^- (see the definition of the trace 
functional Tr after (]A.1|) in Appendix |A]). □ 

Often it becomes necessary to compare the traces which have multipliers A^(a — S) 
with shifted arguments. The following Lemma tells how to do that. 

Corollary C.3. For left admissible 'Xa,b{C)! '"'^ have 

(C.20) N{a-^ + l)Tr (g^^^-^^^X^.^lOT^lCi, «)Tb(C2, «)) 

= C^N{a - §)Tr (g-irA,B(C)XA,B(C)T:i(Ci, «)Tb(C2, «)) • 

Let us proceed to traces of products of fused monodromy matrices T^^^^^Ci.o) 
and T|"j ^|(^27 «)• As it turns out, proper analogues of the left and right admissible 
operators in this case are elements of Ma ® Mb of the form 

where each entry of '^ABabiO (resp. '^a b A siO) a left (resp. right) admissible 
operator in the sense defined already. Let us explain the origin of this definition 
taking as an example the case of right admissible operators, 

Tr (g-(^^--^^-+'^"+'^^)g--»^-X^,^,,,,(C)g'^»^-T^,,^}(C2, «)T+ ^^^(Ci, «)) . 
First undo the fusion, 

T{6,iJ}(C2,«)T+^A}(Cl,«) 

= «a^^b)"'T6(C2, «)T^(C2, a)Ta{Cu a)T+(Ci, a)F+^F,-^ . 

Now move T^(^2, «) and T^(^i, a) next to each other using the Yang-Baxter equa- 
tion: 

T^(C2, «)T,(Ci, a) = L^^,(C2/Ci)-'T,(Ci, a)T^(C2, «)L^,,(C2/Ci) • 
Using the cyclicity of the trace, we obtain 

Tr„,M,B Va,M,BX^,,^,B(C)V-^B(C)T6(C2, a)Ta{Cu a)TB(C2, a)T+(Ci, a) 
where we have set 

Using the explicit formula for ^{() and F^, it can be shown that each entry of the 
matrix ^ ^ ^(C) ^ ® is a right admissible operator. Hence we can change 
their order according to table ([1]). After some calculations we obtain the following 
result. 
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Lemma C.4. Let "^abABiO element of Ma® with right admissible matrix 

elements. Then 



(C.21) Tr (g-(^^--^^-+'^^+'^^^)g-'^^^-X;,^,^(C)g'^^^-T-,,^j(C2, «)T+ ,^|(Ci, « 
and 

^A,B,a,b{C) = ^{l%,{b,B}(0 ^'^a,b,A,BiO ^{ZA},{b,B}(0 5 

where «s obtained from X^^^^^^(C) according to the table (Qp. T/ie gwasi 

R-matrix R^^^^y {b b}(0 ^■^ fl'wen 



(C.22) 



^{a,A},{b,B} 



(C) 





^quasi 





\ 







pquasi 










pquasi 
^3,1 


T^quasi 
^3,2 


T^quasi 
^3,3 


pquasi 
^3,4 




\ 


pquasi 
-'^4,2 





pquasi , 
-'^4,4 / 


a 



Here, setting Y = Ya,b{() and U = Ua,b{C)j have 

^quasi ^Y-\i- cr)(i - Cq^Y) , R'fT' = -Cq^y'\'^ - (y^a ■ 

qil-CV)Y-\ 



41 

,qu£ 
1-22 



Tjquasi 



RT""' = -i^ - cqiq~'y 



pquasi 
-"-44 



pquasi 



pquasi 



^quas. ^ _ C^q^)q-^C 



Y 



1 - (q-^Y 



g-^(l-CV)(l-CV') 



Y 



l-Cg-^F)(l-Cg-^y)' 

q~^Y — (q 



2J2 



-q 



1 - 



(i-Cg-2r)(i-Cg-^F) 



Tjquasi 
t^32 



u 



1 - Cq-^Y 



The following analogs of (1C.20P are also useful. 
Lemma C.5. We have 



a 



C 



^Tr(^q~-^^--'YsAC')X^,b,AAOq''^^^^^^ 



a. 



similar formula for opposite order of multipliers is obtained by spin reversal and 
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C.4. Proof of Lemma 14.91 Here we prove the following Lemma. 

Lemma C.6. Let m^~^^\(,C^,a) be as in fl4.24l) . and set r] = C/^. Then as r] 
we have 

m(+-)(C,e,a) = ^^ + 0(l). 
rj — rj^^ 

Proof. The proof is based on the following identity: 

(C.23) - Nia - §)Tr,,M,B {g-'^-a>-T+ ^^^(C, «)T-, «)} r/""^ 



TTa,t K,(r7)T,(C, a)Tfe(e, a) } Try(A)T,( v^, a) 

— Try(A+2)T.„(A/C^, a) r^rv{A-2)^v{VC^, a) 

rjq — 7] ^ rjq ~ rj '-q 



where q = qf], 
and 

1] — f] ^ 

To prove the identity (lC.23p . start with 

TTa,b {B%{T])TaiC, «)} Try^T„( y^, a) 

= -N{a - §)Tr„,M,B B%{r])T,{C, a)T,(e, «)T+(C, a)T-si^, a)^-'' 
= -N{a - S)TTa,b,A,BHa,b,AAv)%,A}iC, «)T|",,5}(e, a)^""^ , 

where 

Ha,b,AAv) = {F^,AFb:B)~'LAM-'Kbiv)LAMKAK,B- 

The rest of the proof is a direct computation of Ha,b,A,B{j])- 

Consider the residue of both sides of flC.23P at rf = g^^. Since Mh^A,B{v) 
^bABiv) have the same residue at r/ = 1, the residue of the left hand side gives 
res^2=im''^~''(C, ^, a). On the other hand, the quantum determinant relation gives 
res^2=iTra f, B^^f^{ri)Ta{C)'^b{0 = 1- Hence in the right hand side we have 

(Try(o) - Trv(2)) T^,(Cg, a) = 1 . 
This completes the proof. □ 

Appendix D. Equivalence to the previous definition 

In our previous papers [1],[2], annihilation operators were introduced in a way 
different from the one in the present paper. The old definition in [1] reads 

c^f (C, « + 1) = sing (1 - g^("-^+^))kg5f (C, a + 1), 
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where 



and 



sing /(C) 



They are related to the present definition via 

cg5f (C,«+ 1) = -2g"(l - g2("-^+i))singC[,,,](C,«) 

bg5f(C,«-l)=2g-"+^ ^ 



(D.l) 
(D.2) 

In particular we have 



1 _ q2(a-S-l) 



singb[fc,/](C,a) 



^[Ki] (Ci,a - l)c^,/] (C2,a)-^-^ = -singb[fc,i](Ci,a)c[fc,;](C2,a - 1) 

In the following we shall show (ID. II) . 

Introduce an anti-involution r of the g-oscillator algebra Osc by 



Ci ci 



r(a) = -a g 



We have 
and 



TrA (g'"^r(x)) = TrA(g'"^x) (x G Osc). 
Applying r o 6'^ inside the trace, we obtain 

k«^^(C,« + l)(X[,,,,]) = -Tr,,A [T|,,A|(g-iC)g'"''-V+(gC)"-'(^[.,/])T{.,A}(gC)-'] 
(D.3) = -g"{TrA [TA(C)g-'''i'=^'i+'"^X"-'(X[,, z])C'A(gC) 

+TrA [CA(g-^C)g~'^'^'''+'"''X""'(^[fc,^])TA(C)-'] } • 

Here Ca{0 denotes the (2, 1) block of T|^,a}(C)"^- 

On the other hand, the operator 'k\k,i]{,Ci ct) is written as 

k(C,a)(X[,,,]) = TrA[TA(g-iC)g-'^''='''+'"^-^r'C)"~'(X[M)C^^ 

+TrA[CA(C)g-'''^''i+'"''"(gC)"-'(X[../])TA(gC)''" • 

Using the explicit formula for L|a A},j(C) it can be shown that in the last line only 
one term is singular at each of the poles = q^'^C.j, i-e., 

(D.4)singk(gC,a)(X[fc,,]) = singTr^ [TA(C)g-'^i'=''i+'"^X"-'(^[;t-,/])C'A(gC)" , 

(D.5)singk(g-iC,a)(X[fe,,]) =singTrA [CA(g-^C)9"^"='''+'"''X""'(^[fc,^])TA(C)-'] • 

It follows from flCT . (ID3|) . dPlS]) that 
(D.6) sing (k[,, ;](gC, «) + ^[kfii^l^'C^ «)) = singkg^ (C, a + 1) , 
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which imphes the desired relation ( ID.ll) . 

Acknowledgments. HB is grateful to the Volkswagen Foundation and to the 'Gradui- 
ertenkoUeg' DFG project: "Representation theory and its application in mathemat- 
ics and physics" for the financial support. Research of MJ is supported by the 
Grant-in-Aid for Scientific Research B-18340035 and A-18204012. Research of TM 
is supported by the Grant-in-Aid for Scientific Research B-17340038. Research of FS 
is supported by EC networks "ENIGMA", contract number MRTN-CT-2004-5652 
and GIMP program (ANR), contract number ANR-05-BLAN-0029-01. Research of 
YT is supported by the Grant-in-Aid for Young Scientists B-17740089. 

The authors are grateful to O. Babelon, F. Gohmann, A. Kliimper, J.-M. Maillet 
and J. Suzuki for their interest and friendly support. 

FS is grateful for hospitality to Theory group at DESY, Hamburg (visit was 
supported by EU-grant MEXT-CT-2006-042695) where an important part of this 
work was done, special thanks a due to J. Teschner. 

HB and FS are grateful to Tokyo University for hospitality. 



References 

[1] H. Boos, M. Jimbo, T. Miwa, F. Smirnov and Y. Takeyama, Hidden Grassmann struc- 
ture in the XXZ model, Commun. Math. Phys. 272 (2007), 263-281. 

[2] H. Boos, M. Jimbo, T. Miwa, F. Smirnov and Y. Takeyama, Fermionic basis for space 
of operators in the XXZ model, SISSA Proceedings of Science (2007), Paper 015, 34 
pp. (electronic) 

[3] V. Bazhanov, S. Lukyanov and A. Zamolodchikov, Integrable structure of conformal 
field theory III. The Yang-Baxter relation, Commun. Math. Phys. 200 (1999) 297-324. 

[4] H. Boos, F. Gohmann, A. Kliimper and J. Suzuki, Factorization of the finite tempera- 
ture correlation functions of the XXZ chain in a magnetic field, J. Phys. A 40 (2007) 
10699-10727 

[5] M. Jimbo and T. Miwa, Algebraic analysis of solvable lattice models, Reg. Conf. Ser. 

in Math. 85 , AMS, 1995. 
[6] V. Tolstoy and S. Khoroshkin, The universal i?-matrix for quantized affine Lie algebras, 

Funct. Anal, and Appl. 26 (1992) 69-71. 

HB: Physics Department, University of Wuppertal, D-42097, Wuppertal, Ger- 
man^ 

E-mail address: boos@pliysik.uni-wuppertal.de 

MJ: Graduate School of Mathematical Sciences, The University of Tokyo, Tokyo 
153-8914, Japan; Institute for the Physics and Mathematics of the Universe, Kashiwa, 
Chiba 277-8582, Japan 

E-mail address: jimbomic@ms.u-tokyo.ac.jp 

TM: Department of Mathematics, Graduate School of Science, Kyoto Univer- 
sity, Kyoto 606-8502, Japan 

E-mail address: tetsuji@math.kyoto-u.ac.jp 



on leave of absence from Skobeltsyn Institute of Nuclear Physics, MSU, 119992, Moscow, 
Russia 



GRASSMANN STRUCTURE IN XXZ MODEL 



59 



F^: Laboratoire de Physique Theorique et Hautes Energies, Universite Pierre 
ET Marie Curie, Tour 16 I"'' etage, 4 Place Jussieu 75252 Paris Cedex 05, France 
E-mail address: smirnov@lpthe.jussieu.fr 

YT: Department of Mathematics, Graduate School of Pure and Applied Sciences, 
Tsukuba University, Tsukuba, Ibaraki 305-8571, Japan 
E-mail address: takeyamaSmath.t sukuba.ac.jp 



''Membre du CNRS 



